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Abstract

Motivated by the observation that among OECD countries redistribution is neg-
atively correlated with entrepreneurial activity, we examine the implications of en-
trepreneurial financial frictions for optimal linear capital taxation, in a setting where
the government is concerned with redistribution. By including financial frictions,
we emphasize the effect of a new channel affecting the equity-efficiency trade-off of
redistribution: taxes affect the allocative efficiency of capital and, ultimately, total
factor productivity. We find that high tax rates are optimal, provided that they are
applied to wealth, rather than risky capital. Under plausible parameter values, we
find that the optimal tax on risky capital is lower than that on wealth, and roughly
in line with current U.S. levels. This suggests welfare gains from taxing wealth at a
higher rate than risky capital.

1 Introduction

How should a government concerned with redistribution tax entrepreneurial capital
when entrepreneurs are subject to financial frictions? To answer this question we study
optimal Ramsey taxation in a in a setting where the government desires to redistribute
from entrepreneurs, who own capital, to workers who do not, as in Judd (1985). In
contrast to Judd (1985), we assume that entrepreneurs are subject to financial frictions,
so that the amount an entrepreneur can invest depends on her individual net worth.
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We also assume that entrepreneurs vary in their productivity levels. These assumptions
substantially affect the analysis, because they imply that capital taxes can affect the
allocation of capital between different entrepreneurs, and therefore the level of aggregate
total factor productivity — a force missing from models without financial frictions. This
occurs via two channels. Firstly, high taxation may affect the ability of highly productive
but poor entrepreneurs to fund risky investment, thereby reducing the average level of
investment efficiency. Secondly, high taxation reduces the ability of all entrepreneurs
to fund risky investment, leading to inefficient under-investment in the entrepreneurial
sector and inefficient over-investment in the risk-free sector.

Since at least Helvétius (1769) and continuing to the present day (e.g. Piketty (2014)),
taxes on wealth or capital income have been defended as a tool for redistribution from
rich to poor. Many governments today tax wealth or capital or both and actively redis-
tribute through the tax system (e.g. Chang, Chang and Kim (2016)). However, it remains
unclear how far such taxes are economically costly. Recent literature has argued that
financial frictions play an important role in shaping firms’ investment decisions. This
suggests that it may be essential to account for such frictions in order to correctly assess
the effects of capital taxation. It is well known that taxes on capital may reduce capital
accumulation (e.g. Atkeson, Chari and Kehoe (1999)). However, once financial frictions
are considered, it emerges that capital taxes may also affect the allocation of capital, and
therefore the productive efficiency of the economy. This efficiency effect of capital taxa-
tion is arguably of more practical importance than effects on capital accumulation, since
it has been shown that the government can impose confiscatory levels of taxation on
capital owners with little or no effect on aggregate capital accumulation if it is permit-
ted to use investment subsidies (Abel (2007)), consumption taxes (Abel (2007), Coleman
(2000)) or government saving and debt (Straub and Werning (2014)).1

From an empirical perspective, we are also motivated by the fact that government
redistribution through the tax and welfare system appears to be negatively correlated
with entrepreneurial activity.2 This is illustrated in Figure 1 for a sample of OECD
countries. This suggests a potentially important economic cost of redistribution, since
a large economic literature is supportive of a connection between entrepreneurship and
economic growth (Quadrini (2009)). Indeed, the perceived benefits of entrepreneurial
activity lead many governments to implement tax policies to encourage it. A theoretical
analysis of the optimal taxation of entrepreneurial capital may also be informative about
the optimal design and effectiveness of such policies.

We carry our analysis in a framework reminiscent of Judd (1985). By including finan-
cial frictions, we emphasize the effect of a new channel affecting the cost-benefit trade-off

1Proposition 12 in Straub and Werning (2014) establishes that indefinite taxation of 100% may be op-
timal in a setting without financial frictions when the government seeks to redistribute and is able to
borrow and save.

2The correlation coefficient is -0.3.
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Figure 1: Redistribution and Entrepreneurial Activity

Notes: The figure shows the difference between before and after tax income Gini on the horizontal axis and
the business ownership rate on the vertical axis, for a group of OECD countries in 2010. The correlation
coefficient is -0.3.
Source: OECD and Global Entrepreneurship Monitor

of redistribution, which is allocative efficiency. To isolate this channel, we abstract from
the effect of taxes on capital accumulation by assuming a single period. Our economy is
populated by two types of households: entrepreneurs and workers. In addition, there is
a continuum of competitive final goods producers, and a continuum of risk neutral com-
petitive financial intermediaries (which we call banks). Entrepreneurs own capital, while
workers supply labor to the final goods firms and live hand-to-mouth. Entrepreneurs
invest some of their capital in risky projects which each yield a stochastic amount of an
intermediate good, and lease the rest of their capital directly to final goods producers.
Entrepreneurs may fund investment by selling financial claims to financial intermedi-
aries. The output of intermediate goods is private information to entrepreneurs. They
may convert it directly into units of consumption, or may sell it to the final goods firms.
This moral hazard problem limits the extent to which capital can be reallocated to the
most productive entrepreneurs. It is the government’s effect on this inefficiency that we
explore.

In this environment, we assume that the government chooses policies to maximize
the aggregate welfare of the economy, subject to the financial frictions present in the
decentralized economy. In addition, the government has to finance exogenous expendi-
ture while balancing its budget. We assume the government levies a mix of (possibly
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negative) linear taxes, in keeping with models in the Ramsey tradition. In particular,
it taxes end-of-period entrepreneurial wealth, the intermediate goods sold to the final
goods firm (referred to as risky capital), the capital leased directly to the final goods
firm (referred to as risk-free capital), as well as the workers’ labor income.3 Since the
amount of intermediate goods converted directly into consumption is privately observed
by entrepreneurs, the government cannot tax it.

The government seeks to raise taxes on entrepreneurs in order to redistribute to
workers, but in doing so it faces efficiency costs of taxation by limiting the ability of
highly productive but poor entrepreneurs to fund risky investment and by reducing the
ability of all entrepreneurs to fund risky investment, which leading to inefficient under-
investment in the entrepreneurial sector. We follow the "sufficient statistics" approach
in characterizing optimal tax rates in terms of the elasticities of agents decisions with
respect to taxes. We find that it is possible to characterize these elasticities relatively
precisely in our setting – almost in closed form. Entrepreneurs’ choices are relatively
elastic with respect to taxes on risky and risk-free capital income, and relatively inelastic
with respect to taxes on wealth, since these choices respond more to changes in relative
rates of return than they do to changes in wealth levels. We find that if the government’s
preference for redistribution is strong enough, then confiscating entrepreneurial wealth
and taxing risky and risk-free capital at a positive, but smaller rate, is optimal.

Surprisingly, confiscatory wealth taxes are optimal in this case even though taxes
on wealth are distortionary. The distortionary effects of wealth taxation in the model
arise because wealth taxes affect entrepreneurs’ ability to finance investment, due to fi-
nancial frictions. However, confiscatory wealth taxation remains optimal because en-
trepreneurial investment is much less elastic to changes in wealth taxation than to
changes in capital income taxation. As a consequence of this, a government is able
to increase tax revenue significantly, while having no effect on aggregate output, if it
simultaneously reduces taxes on risky capital income by a small amount, raises taxes on
risk free capital by a small amount and raises taxes on wealth by a large amount. Such
a tax reform leaves aggregate output unchanged because it increases the post-tax risky-
return to capital relative to the risk-free return, which tends to increase risky capital
investment by high ability entrepreneurs. This counteracts the inefficiencies caused by
the increased tax on wealth. Since this tax reform generates large amounts of revenue,
the government will choose to change taxes in this way until the tax on wealth hits the
exogenously imposed upper bound on taxation, even if this upper bound is 99%.

The optimal taxes on risky and risk-free capital are highly dependent on the severity
of financial frictions. For a calibration of the severity of financial frictions we find em-
pirically relevant, our result implies taxes on risky capital income of at most 32%. This
is vastly below the value of the tax on wealth and roughly in line with the current US

3When entrepreneurs are heterogeneous in their skills, capital income and wealth taxes are not equiv-
alent Guvenen et al. (2017).
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practice.
The extreme results on income and wealth taxation we obtain naturally depend on

some specific features of our setting, and so should not be taken at face value as a policy
recommendation. For instance, we do not model endogenous entry into entrepreneur-
ship. Since taxes on wealth might discourage entry into entrepreneurship, allowing for
endogenous entry might moderate the extreme results we find in our setting. Extending
the model to an infinite horizon setting with endogenous capital accumulation might
also affect these results, since taxes would discourage capital investment.

However, the characterization we obtain for optimal taxes in terms of elasticities,
and also characterization of these elasticities are likely to be more robust to changes
of the modeling assumptions. For instance, the degree to which a change in capital
income taxes leads an existing entrepreneur to produce more in one period would not
necessarily change if we were to allow for endogenous entry or capital accumulation
between periods. As such, we conjecture that many of our results would remain useful
in a larger class of models of optimal taxation with financial market frictions.

Moreover, while the extreme results on wealth taxation we obtain here evidently de-
pend on the specific assumptions of our setting, the broader point that entrepreneurs’
and firms’ choices are more sensitive to capital income taxation than to wealth taxa-
tion may apply more generally, in a larger class of models. Therefore, shifting the tax
burden away from capital income taxes and towards wealth taxes may warrant serious
consideration by policymakers.

Related literature This paper studies optimal government intervention in a setup
with financial frictions. This is a relatively recent research avenue, with only a few pa-
pers that share the same broad framework. Shourideh (2014) studies the optimal design
of capital tax schedules in a Mirrleesian framework in which entrepreneurs are subject
to idiosyncratic capital income risk and financial frictions, and finds that a progressive
tax code is optimal. We perform an exercise similar in spirit, but in a Ramsey frame-
work, with several key differences. In Shourideh (2014), the planner redistributes among
entrepreneurs (there are no workers) for insurance purposes against productivity risk.
Moreover, since there are no financial intermediaries, it is left for the planner to use the
tax system to allocate investment funds to their most productive uses. In our framework,
on the other hand, the government wants to redistribute from entrepreneurs to workers.
The role of reallocating capital to its most productive uses is left to banks, which have
no scope for insuring entrepreneurs against capital risk.

Itskhoki and Moll (2014) analyze optimal Ramsey policies (capital and labor taxes)
in a closed-economy standard growth model with financial frictions, modeled as a re-
duced form collateral constraint. Their objective is to determine whether governments
in underdeveloped countries can accelerate economic development by market interven-
tion. The framework of Itskhoki and Moll (2014) does not speak to the literature on
capital taxation directly, since entrepreneurs are not subject to capital taxes. Policy is
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targeted at workers, who pay labor and savings taxes. In our model, on the other hand,
entrepreneurs are key agents.

Abo-Zaid (2014) and Biljanovska (2015) both examine optimal policy in a macroeco-
nomic model with exogenously imposed collateral constraints. While their respective
setups are similar in several dimensions, they have different predictions regarding the
optimal long-run capital tax. In particular, Biljanovska (2015) shows both analytically
and numerically that the long-run capital tax is positive, while Abo-Zaid (2014) shows
that for plausible parameter values the tax rate is negative. In both their frameworks,
firms (entrepreneurs) finance their activity with debt, and their collateral constraints
bind for distinct but exogenously imposed reasons. Differently from them, we choose
to microfound financial frictions as an asymmetric information problem, to ensure the
fact that the government cannot intervene to correct the friction itself. Crucially, we also
allow for hetergeneity among entrepreneurs, ensuring that financial frictions affect the
allocation of capital in a way that is economically significant.

Our paper is also related to the large literature on optimal capital taxation. The
hallmark result of this literature is the Chamley (1986) and Judd (1985) claim that in the
long run it is optimal to set the capital income tax is zero. A large body of work has
attempted to overturn the result by relaxing the model’s assumptions, or to generalize
it in richer environments (see Chari and Kehoe (1999) for a survey). In a recent paper,
Straub and Werning (2014) invalidate the zero tax result and show that high levels of
wealth taxation may be optimal in the settings of Chamley and Judd. In a related vein,
a number of authors have argued that high taxation of initial wealth is optimal in such
settings and cannot easily be ruled out. For instance, Coleman (2000), points out that a
uniform consumption tax implicitly imposes a pure levy on the initial stock of capital
and Abel (2007) shows that the same occurs in a setup with a constant capital income
tax and investment deductions. In contrast to our approach here, this body of literature
does not consider the possibility that the allocation of investment is affected by financial
frictions.

Lastly, our paper is related to the literature on the effect of taxation on entrepreneurial
activity. For example, Meh (2005) analyzes the importance of entrepreneurship when
quantifying the effects of switching from a progressive to a proportional income tax
system and finds that the distributional consequences of the change in the tax regime
depend a lot on the existence of entrepreneurs. Cagetti and De Nardi (2009) analyze the
effect of abolishing estate taxes in a quantitative model with business investment, bor-
rowing constraints, estate transmission, and wealth inequality. They show that eliminat-
ing estate taxes is not necessarily welfare improving. Kitao (2008) studies how changes
in the capital income tax affects aggregate investment and output, and finds that the
outcome depends on whether the tax targets entrepreneurial capital (business income)
or non-entrepreneurial capital (capital income from risk free savings). Unlike ours, these
analyses are positive in nature and adopt a numerical approach rather than striving for

6



analytical results. Panousi (2012) performs a similar exercise in a general equilibrium
model with uninsurable idiosyncratic investment risk, and finds that a positive tax on
capital yields a higher output per worker than a zero tax. Panousi and Reis (2014) use
the same framework to study optimal taxation of capital. Contrary to our approach,
they do not allow for agents to vary in their expected productivity of investment – thus
capital taxation does not affect TFP through the allocation of capital, unlike in our set-
ting. Guvenen et al. (2017) highlight the differences between capital income and wealth
taxation in an environment where entrepreneurs are heterogeneous in their skills and
find that shifting for a capital income tax system to a wealth tax system increases ag-
gregate productivity and welfare. We complement their analysis by studying optimal
capital income and wealth taxes in a related framework.

The rest of the paper is organized as follows. Section 2 discusses the one-period
model. Section 3 discusses properties of the equilibrium of this model. Section 4 presents
the government’s optimization problem. Section 5 discusses the model calibration. Sec-
tion 6 concludes.

2 One Period Model

In this section we describe the economic environment in detail and present the model
assumptions.

2.1 Environment

There is measure one of each of two types of households: entrepreneurs and workers. In
addition, there is a continuum of competitive final goods producers, and a continuum of
competitive financial intermediaries. Entrepreneurs own capital, while workers supply
labor and live hand to mouth. Entrepreneurs invest some of their capital in risky projects,
which each yield a stochastic amount of an intermediate good. They lease the rest of their
capital directly to final goods producers. Entrepreneurs may convert the intermediate
goods they produce directly into units of consumption or may sell them to the final
goods firms, and workers supply labor to the final goods firms. The government levies
(possibly negative) taxes on the agents and funds the fixed (exogenously given) level of
government spending G.

Timing The period is divided into three sub-periods: morning, afternoon and evening.
Each entrepreneur is the owner of an investment project subject to idiosyncratic risk.
In the morning, entrepreneurs buy and sell capital amongst themselves and each en-
trepreneur devotes some of her own capital to her own risky project. She leases the rest
of her capital to the competitive final goods firms. We will refer to this as risk-free capi-
tal investment. In the afternoon, each entrepreneur draws an idiosyncratic shock which
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will affect the intermediate goods produced by her risky project. In the evening, en-
trepreneurs either convert the intermediate goods they produce into units of consump-
tion or sell them to the final goods firms, and workers are employed by these firms.4

Output of the final good is produced, and agents consume.

Technology At the beginning of the period, each entrepreneur i is endowed with ki

units of capital. We assume that there exists some k > 0 such that all entrepreneurs
have an initial capital at least equal to k. In the morning, before capital is traded, each
entrepreneur draws an idiosyncratic ability θ from the interval [θ, θ], which affects the
productivity of her risky project. The draw of θ is independent across entrepreneurs
and all entrepreneurs draw from an identical distribution, with cdf G(θ) = A0 − A1

θ for
θ ∈ [θ, θ].5 The constants A0 and A1 are chosen so that G(θ) = 0 and G(θ) = 1.6 Let
g(θ) denote the pdf associated with G(θ). We refer to θ as the entrepreneur’s ‘type’. If
an entrepreneur with type θ invests kE in her private project in the morning, then in the
afternoon the project yields a number of units of intermediate goods equal to yE = εθkE,
where ε is an idiosyncratic productivity shock distributed according to the cumulative
distribution function H(ε), with probability distribution function h(ε). We assume that
h(0) > 0, h(ε) = 0 for all ε < 0, h(·) is continuously differentiable for ε > 0, E (ε) = 1

and, for all t ≥ 1 and x ≥ 0, ∂2

∂x2

( ∫
ε(1+xε)−th(ε)dε∫

ε(1+xε)−tεh(ε)dε

)
≥ 0.7

Any capital of the entrepreneur’s which she does not invest in her final project, she
leases to the final goods producer directly. Let kF be the amount leased to the final goods
producer. Note that, for entrepreneur i, kE + kF is not equal to ki, because entrepreneurs
sell capital among themselves in the morning. In addition to selling intermediate goods
to the final goods producer, the entrepreneur can convert them directly into consumption
goods. If she does this, she can convert one unit of the intermediate good into ρ ∈ (0, 1)
units of the final good.

We assume that the final goods producer buys intermediate goods from the en-
trepreneur at price rE per unit, and rents capital from the entrepreneur directly at rental
rate rF per unit. The final goods producer also hires workers at wage rate w. The

4As we discuss below, the quantity of output that entrepreneurs convert directly into units of consump-
tion is unobserved by others. Allowing this technology allows entrepreneurs to secretly divert resources
for personal consumption, representing the ability of firm managers to divert firms’ funds for personal
use in reality. This creates a financial market friction.

5The assumption that an entrepreneur’s type is independent of her initial capital appears quite restric-
tive. Its practical applicability may be greater, however, if we interpret k as the number of efficiency units
of capital that the entrepreneur entered the period with, and imagine that this is commonly observed. θ
then refers to a shock that the entrepreneur receives, which does not depend on the initial quantity of
efficiency units of capital she posseses.

6The distributional assumptions on G imply that the distribution of entrepreneurial ability resembles
a Pareto distribution, except for the upper bound θ. That ability has an upper bound is essential in our
setting, because it can readily be shown that the financial friction will cease to be relevant if there are types
with sufficiently high θ. Pareto distributions with a parameter close to 2 are common in the literature.

7Numerically, we find that the latter assumption holds for many distributions with non-negative sup-
port: exponential, lognormal, Pareto, generalized Pareto, gamma and chi-square.
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representative final goods producer produces final output according to the production
function:

Y = F (YE, KF, N)

where Y is the aggregate final output, N is aggregate labor, YE is aggregate input of the
intermediate good and KF is aggregate capital leased directly to the final goods producer.
As is standard, we assume that F is concave and increasing in all arguments and that for
each factor i ∈ {N, YE, KF}: limi→0 Fi = ∞ and F = 0 at i = 0. Furthermore, we assume
that limN→∞ FN = 0, and limKF→∞ FKF = 0. However, in contrast to the standard Inada
conditions, we assume that limYE→∞ FYE > ρ > 0.8

The device of having a final goods producer that uses some intermediate goods and
some capital goods directly is a simple way to allow entrepreneurs to choose between
investing capital in a risky way (the private project) or risk-free way (leasing it directly
to the final goods producer). This is designed to capture the idea that some investment
projects are more risky than others and that capital owners must take into account the
risks associated with different projects when making investment decisions.

Preferences Workers have a constant labor endowment n = 1 which they supply
inelastically. Entrepreneurs do not work. Entrepreneurial consumption is denoted C
and workers’ consumption is denoted c. The utility of entrepreneurs is u (C) = C1−σ

1−σ or
u (C) = log(c) in the event σ = 1. We assume σ ≥ 1.9 The utility of workers is u (c), i.e.
the same utility function as entrepreneurs.

Government The government taxes the undepreciated part of capital at the end of
the period at tax rate τW , where capital depreciates at rate δ. The government taxes
intermediate goods that are sold to the final goods firm at tax rate τE and taxes capital
leased directly to the final goods firm at tax rate τF. It is assumed that the government
is unable to tax intermediate goods that are converted directly into consumption by the
entrepreneurs.10 It taxes labor at rate τN. Any of these tax rates can be negative.

The government has to finance exogenous expenditure G, and must balance its bud-
get. Taxes are paid in the evening and government spending also takes place in the
evening. The government is not allowed to trade in financial assets at any time. This
implies the following government budget constraint in the evening:

G = wτN + τErEYE + τFrFKF + τW(1− δ)K (1)

8This assumption is to guarantee that entrepreneurs will all use their private projects to produce inter-
mediate goods in any constrained efficient allocation.

9Aspects of the model solution jump discontinuously when σ < 1, because if entrepreneurs are suf-
ficiently close to risk neutral they will not seek to avoid zero consumption. σ ≥ 1 represents the typical
case assumed in calibrated macroeconomic models.

10As discussed below, the conversion of intermediate goods directly into consumption is privately ob-
served by the entrepreneur, and so the government cannot tax this. This may also be viewed as represent-
ing the possibility of tax evasion on the part of entrepreneurs.
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Financial Markets and Budget Constraints Workers live hand to mouth. Thus, ag-
gregate worker consumption and labor supply satisfy:

c = w(1− τN) (2)

N = 1 (3)

Entrepreneurs may fund capital purchases in the morning by selling financial claims
on the return of that capital. These claims are bought by risk neutral perfectly competi-
tive banks. Banks make zero profits in equilibrium.11 Banks raise the funds to buy these
financial claims by issuing bonds to other entrepreneurs.12 We refer to an entrepreneur
as a borrower if she sells financial claims to the bank in the morning in order to invest,
and a saver if she instead buys bonds.

Let C(k, θ, ε) denote the consumption of an entrepreneur, which will in general de-
pend on initial capital k, entrepreneurial ability θ and productivity realization ε. Let
b(k, θ) denote the amount this entrepreneur obtains in the morning by selling finan-
cial claims. This does not depend on ε because ε is not revealed until the afternoon.
b(k, θ) is positive if the entrepreneur is a borrower in the morning, and is negative if
the entrepreneur is a saver. Let b̂(k, θ, ε) denote the amount the entrepreneur pays in
the evening to the banks that buy these claims. This will typically be negative if the
entrepreneur was a saver in the morning. Finally, let kE(k, θ) denote the level of capital
the entrepreneur born with endowment k and ability θ invests in her own business, and
let kF(k, θ) denote the level of capital she invests in the risk-free sector. Let yE(k, θ, ε)

denote the total amount of intermediate goods sold to the final goods producer by the
entrepreneur. Given the assumptions about financial markets, the budget constraints of
an entrepreneur in the morning and evening are, for given (k, θ, ε):

kE(k, θ) + kF(k, θ) = k + b(k, θ) (4)

C(k, θ, ε) + b̂(k, θ, ε) = (1− τE)rEyE(k, θ, ε) + ρ[θεkE(k, θ)− yE(k, θ, ε)]

+ (1− δ)(1− τW)kE(k, θ)

+ kF(k, θ) [(1− τF)rF + (1− δ)(1− τW)] (5)

where yE(k, θ, ε) must satisfy:

yE(k, θ, ε) ≤ θεkE(k, θ) (6)

11Since banks make zero profits, it makes no difference to the equilibrium behavior of the economy who
owns the banks. We may assume that they are owned either by workers or by entrepreneurs.

12The role of banks is for mathematical convenience. Simply allowing the entrepreneurs to trade finan-
cial claims among themselves would suffice. In that sense the banks are no more essential to the model
than are the competitive final goods producers.
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Note that an entrepreneur who sells all her units of intermediate goods to the fi-
nal goods producer receives after-tax income (1− τE)θεrE from doing so, and an en-
trepreneur who converts them directly into units of consumption secures after-tax in-
come θερ from this. Note also that in the evening entrepreneurs are able to consume the
after-tax value of their undepreciated capital (1− δ)(1− τW)k.

Financial contract An entrepreneur’s realization of ε, her output of intermediate
goods, the quantity of intermediate goods she converts directly into consumption and
her consumption are all private information. In particular, after observing the shock ε,
an entrepreneur can choose to honestly report her output of intermediate goods, but
she can also lie by under-reporting the quantity of intermediate goods she produces
and converting more intermediate goods directly into consumption than she admits to.
The quantity of intermediate goods the entrepreneur sells to the final goods producer is
public information however.13

When selling financial claims in the morning, the market will expect the entrepreneur
to repay b̂(k, θ, ε) in the evening, given ε. In equilibrium, the market must be correct
in expecting this, and so the entrepreneur must have an incentive to repay this amount,
rather than lying about ε and repaying too little. Therefore, it is without loss of generality
to restrict attention to contracts where the entrepreneur honestly reports her ε, and pays
the promised amount b̂(k, θ, ε). Such a contract is only incentive compatible if it is
optimal for the entrepreneur to report ε honestly, rather than lying by reporting some
ε̂ 6= ε and converting more (or fewer) intermediate goods directly into consumption.
This gives rise to the following incentive compatibility constraint:

U (C (k, θ, ε)) ≥ U (C (k, θ, ε̂) + ρkE(k, θ)θ(ε− ε̂)) (7)

for any (k, θ, ε) and ε̂ > 0 satisfying satisfying:

yE(k, θ, ε̂) ≤ kE(k, θ)θε (8)

This constraint arises from the fact that an entrepreneur who reports ε̂ 6= ε will find
herself with kE(k, θ)θ(ε− ε̂) more intermediate goods than she claimed to have, which
she can then transform into ρkE(k, θ)θ(ε− ε̂) units of consumption. It is required that
ε̂ satisfy yE(k, θ, ε̂) ≤ kE(k, θ)θε because the entrepreneur cannot convincingly claim to
have an ε̂ so high that this would require delivering more intermediate goods to the final
goods producer than she has produced.

Note that (assuming U(·) is monotonically increasing) the incentive compatibility
constraint immediately simplifies to:

C(k, θ, ε) ≥ C(k, θ, ε̂) + ρkE(k, θ)θ(ε− ε̂) (9)
13In the extreme case ρ = 0 there would be no informational friction, since the entrepreneur has no

incentive to convert intermediate goods directly into consumption.
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The additional constraint that the entrepreneur faces in selling financial claims to
the banks is the participation constraint of the banks. Specifically, banks will only buy
financial claims sold by the entrepreneur if these claims receive at least [(1− τF) rF +

(1− δ) (1− τW)] return in the evening in expectation, where [(1− τF) rF +(1− δ) (1− τW)]

is the market risk-free rate, which is equal to the post-tax return on capital that is leased
directly to the final goods firms. This implies the following constraint:∫

ε
b̂ (k, θ, ε) h (ε)dε ≥ [(1− τF)rF + (1− δ)(1− τW)] b (k, θ) (10)

Since there is perfect competition between the (risk-neutral) banks, the entrepreneur
will be able to sell any financial claims she issues, provided the incentive compatibility
constraint and equation (10) are satisfied. Therefore, the entrepreneur can choose b(·)
and b̂(·) to maximize her expected utility, subject to these constraints. This implies that
the bank participation constraint will bind with equality.

Entrepreneur’s Optimization Problem Then, the entrepreneur’s optimization prob-
lem is to choose the functions C(k, θ, ε), b(k, θ), b̂(k, θ, ε), yE(k, θ, ε), kE(k, θ), and kF(k, θ)

to solve

sup
∫

ε
U(C(k, θ, ε))dH(ε) (11)

subject to the budget constraints (4) and (5), the incentive compatibility constraint (9),
the technological constraint on yE given by (6) and the participation constraint (10).

Market clearing The labor and asset market clearing conditions are:

N = 1 (12)∫
i
b(ki, θi)di = 0 (13)∫

i
b̂(ki, θi, εi)di = 0 (14)

where ki denotes the initial capital of entrepreneur i, and θi and εi denote the values of
θ and ε drawn by entrepreneur i. In fact, since, εi is an i.i.d. draw for each entrepreneur
i, equation (14) can be shown to follow from (13) and (10), so it is redundant.

The capital market must clear in the morning:

K = KE + KF (15)

where KE denotes total capital invested in entrepreneurs’ private projects, and KF is total
capital in the risk free sector. These are given, respectively, by:
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KE =
∫

i
kE(ki, θi)di (16)

KF =
∫

i
(ki − b(ki, θi)− kE(ki, θi))di (17)

and the goods market clearing condition then follows by Walras’ law:14

∫
i
C(ki, θi, εi)di + c + G = F (YE, KF, 1) + (1− δ) (KE + KF)

where the total amount of intermediate goods sold to the final goods producer, YE, is
given by:

YE =
∫

i
yE(ki, θi, εi)di (18)

The first order conditions of the representative final goods producer imply that the
(before tax) returns on capital and wage rate are given by:

rE = F1 (YE, KF, N) (19)

rF = F2 (YE, KF, N) (20)

w = F3 (YE, KF, N) (21)

Equilibrium Definition For given tax rates {τW , τE, τF, τN}, an equilibrium E of this
economy is a set of (non-negative) prices {rE, rF, w} and decision rules for the en-
trepreneurs

{
kE(k, θ), C(k, θ, ε), yE(k, θ, ε), b(k, θ), b̂(k, θ, ε)

}
and for the workers c, and

(non-negative) aggregate quantities KF, YE, N, such that:

1. The Government’s budget constraint (1) is balanced.15

2. Worker consumption and labor supply satisfy (2) and (3).

3. Entrepreneurs’ decision rules are given by the solution to the entrepreneur’s prob-
lem (11).

4. KF and YE are the aggregate of entrepreneurs’ decisions, given by (17) and (18).

5. Returns of capital rE and rF, and wages w are determined by the first order condi-
tions of the final goods producers (19)-(21).

14In particular, the goods market clearing condition can be obtained by summing the budget constraints
of workers, entrepreneurs and government, substituting the other market clearing conditions and using
that F displays constant returns to scale.

15Naturally only some combinations of taxes {τW , τE, τF, τN} will be consistent with this condition and,
therefore, with equilibrium.
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3 Properties of the Equilibrium

We now formally characterize properties of the equilibrium. We first characterize the en-
trepreneur’s optimal financial contract. Then we discuss the implications for aggregate
variables and how these depend on tax rates. In this model, it is possible to relatively
precisely characterize the elasticities of aggregate variables and productivity with re-
spect to tax rates. This is extremely useful when analyzing the government’s optimal
policy in Section 4.

3.1 Characterization of the optimal contract

We now proceed to characterizing the optimal contract between entrepreneurs and
banks. Each entrepreneur’s choice between kF (k, θ) and b (k, θ) is indeterminate in equi-
librium, as the entrepreneur is indifferent between leasing capital directly to the final
goods firm and saving in the bank in every state of the world. Therefore, we solve
for b (k, θ) + kF (k, θ), which we abusively denote by b (k, θ). We begin by rewriting the
contracting problem in terms of after-tax prices, defined as follows:

w̃ = w (1− τN) (22)

r̃F = rF (1− τF) (23)

p̃ = (1− δ) (1− τW) (24)

r̃E = rE (1− τE) (25)

Furthermore, we define r̂E as the after-tax return on risky capital investment that en-
trepreneurs can obtain and note that this is given by:

r̂E = max {rE (1− τE) , ρ} (26)

This is the potential return on risky capital investment. If rE (1− τE) < ρ, entrepreneurs
can obtain the return ρ from each intermediate good they produce by turning it directly
into consumption goods. If rE (1− τE) > ρ, entrepreneurs obtain the return r̃E from each
intermediate good by selling it to the final goods firm.

Then, the optimal contract specifies
{

C(k, θ, ε), kE(k, θ), b (k, θ) , b̂(k, θ, ε), yE(k, θ, ε)
}

that solve
sup

∫
ε

U(C(k, θ, ε))h (ε)dε (27)

14



subject to

kE(k, θ) = k + b (k, θ) (28)

C(k, θ, ε) + b̂(k, θ, ε) = r̃EyE(k, θ, ε) + ρ[θεkE(k, θ)− yE(k, θ, ε)] + p̃kE(k, θ) (29)∫
ε

b̂ (k, θ, ε) h (ε)dε ≥ (r̃F + p̃) b (k, θ) (30)

kE(k, θ) ≥ 0 (31)

yE(k, θ, ε) ∈ [0, θεkE(k, θ, ε)] (32)

C(k, θ, ε) ≥ 0 (33)

C(k, θ, ε) ≥ C(k, θ, ε̂) + ρkE(k, θ)θ(ε− ε̂) (34)

where (34) holds ∀ε̂ > 0 such that yE(k, θ, ε̂) ≤ kE(k, θ)θε.

Derivation of the Optimal Contract We now provide a heuristic derivation of the
optimal contract. A rigorous derivation is given in Appendix A. We focus on the case
r̃E > ρ. Then, it is efficient for the entrepreneur to sell all her intermediate goods to the
final goods producer, rather than converting them directly into units of consumption.
Choosing to convert some units of intermediate good directly into consumption would
not increase the value of the entrepreneur’s objective function, nor will it relax any of
the constraints. Therefore, we can conclude that in the optimal contract the entrepreneur
converts no units of intermediate goods directly into consumption, and so

yE(k, θ, ε) = θεkE(k, θ) (35)

We may simplify the incentive compatibility constraint using the first order approach.
In particular, using equation (35), the incentive compatibility constraint can be written
as:

ε = arg max
ε̂≥0

C(k, θ, ε̂) + ρkE(k, θ)θ(ε− ε̂)

Using the first order approach, we can replace this with the associated first order condi-
tion for the choice of ε̂:

∂C(k, θ, ε̂)

∂ε̂
− ρθkE(k, θ) ≥ 0

evaluated at ε̂ = ε. Hence,

∂C(k, θ, ε)

∂ε
− ρθkE(k, θ) ≥ 0 (36)

that is, the entrepreneur’s consumption must increase in ε sufficiently rapidly for it to
be optimal for her to report her ε honestly, rather than under-reporting ε and diverting
some intermediate goods for her personal consumption.

Note that the more an entrepreneur’s consumption is sensitive to ε, the more risk the
entrepreneur faces. Recall that the entrepreneur is risk-averse and the bank is risk neu-
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tral. Therefore, the optimal financial contract will impose as little risk as possible on the
entrepreneur and as much risk as possible on the bank, without violating the incentive
compatibility constraint. It follows then that the contract will involve the entrepreneur’s
consumption increasing as little as possible in ε without violating equation (36). So, the
constraint in equation (36) will bind with equality. Replacing the inequality in equation
(36) with an equality, and integrating over ε, we obtain:

C(k, θ, ε) = C(k, θ) + ρθεkE(k, θ) (37)

where C(k, θ) is the value of C(k, θ, ε) at ε = 0.
Now, combining equations (28), (29) and (30) and using (35) to eliminate yE(k, θ, ε),

we obtain:∫
ε
(−C(k, θ, ε) + r̃EθεkE(k, θ) + p̃kE(k, θ))h (ε)dε

=
∫

ε
b̂ (k, θ, ε) h (ε)dε ≥ (r̃F + p̃) (kE(k, θ)− k)

Substituting in (37) and using that E [ε] = 1, we obtain:

C(k, θ) + kE (k, θ) (θ (ρ− r̃E) + r̃F) ≤ k (r̃F + p̃) (38)

Then, using (35), (37) and (38), we can eliminate many of the variables in equations
(28)- (34), and thereby express the entrepreneur’s problem much more simply. In par-
ticular, it follows that the entrepreneur’s choice of kE (k, θ) and C(k, θ) will solve the
problem:

sup
{C(k,θ),kE(k,θ)}

∫
ε

U(C(k, θ) + ρθεkE(k, θ))h (ε)dε (39)

subject to

C(k, θ) + kE (k, θ) (θ (ρ− r̃E) + r̃F) ≤ k (r̃F + p̃) (40)

kE (k, θ) ≥ 0 (41)

C(k, θ) ≥ 0 (42)

The constraint (40) must bind with equality, since otherwise the entrepreneur would
be able to increase C(k, θ) and so obtain higher utility. The assumptions on the utility
function and on h(·), along with k > 0, r̃F + p̃ > 0 ensure that the constraint (42) will
never bind, since entrepreneurs will seek to avoid zero consumption.

Note that if (θ (ρ− r̃E) + r̃F) ≤ 0 then C is increasing in kE, in which case the en-
trepreneur will achieve the highest utility possible by choosing kE = ∞. On the other
hand, it can be easily verified that if θr̃E ≤ r̃F then the entrepreneur’s expected con-
sumption is decreasing in kE(k, θ). Since entrepreneurs are risk averse, they will choose
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kE(k, θ) = 0 in this case.
Finally, if θr̃E > r̃F then the entrepreneur’s expected consumption is increasing in

kE(k, θ). In that case, the entrepreneur can always improve upon choosing kE = 0 by
choosing some sufficiently small kE > 0. Thus, we have an interior solution if and only
if θr̃E ∈ (r̃F, r̃F + ρθ). In the interior case, the first order condition is:

∫
ε

U′
(

k (r̃F + p̃) + kE (k, θ) (ρθ (ε− 1) + θr̃E − r̃F)

)
(ρθ (ε− 1) + θr̃E − r̃F) h (ε)dε = 0

where we used that (40) binds in order to substitute for C(k, θ). After some rearrange-
ment, this first order condition can be written:

ρθ

ρθ − θr̂E + r̃F
=

∫
ε U′

(
1 + xε

)
h (ε)dε

∫
ε U′

(
1 + xε

)
εh (ε)dε

(43)

where

x =
kE (k, θ) ρθ

k (r̃F + p̃) + kE (k, θ) (−ρθ + θr̂E − r̃F)

Let S(x) ≡
∫

U′(1+xε)h(ε)dε∫
U′(1+xε)εh(ε)dε

. Then, we can re-write the first order condition as:

ρθ

ρθ − θr̂E + r̃F
= S(x)

where S(x) is shown in Appendix A to be monotonically increasing in x, and therefore
is an invertible function. Consequently, we can re-write the first order condition as

x = S−1
(

ρθ

ρθ − θr̂E + r̃F

)
and using the definition of x, this implies that

kE(k, θ) =
k(r̃F + p̃)

ρθ − θr̂E + r̃F +
ρθ

S−1
(

ρθ
ρθ−θr̂E+r̃F

)
These results fully characterize the optimal contract provided r̃E > ρ. In fact, if

r̃E ≤ ρ, the optimal contract is virtually identical, except that equation (35) may not
hold. The optimal contract in the general case is provided in Proposition 1:

Proposition 1. If θr̂E ≥ ρθ + r̃F then the entrepreneur’s optimization problem has no finite
solution, and the entrepreneur’s value can attain the supremum limx→∞ U(x). If θr̂E < ρθ +
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r̃F then the entrepreneur’s problem has a unique solution
(

C(k, θ, ε), kE(k, θ)

)
which depends

continuously on the parameters. If θr̂E ≤ r̃F then the entrepreneur’s optimal choice entails:
kE(k, θ) = 0, yE(k, θ, ε) = 0 and C(k, θ, ε) = k (r̃F + p̃). If θr̂E ∈ (r̃F, ρθ + r̃F) then the
entrepreneur’s optimal choice entails (almost everywhere) that:

C(k, θ, ε) = k (r̃F + p̃) + kE (k, θ) (ρθ (ε− 1) + θr̂E − r̃F) (44)

kE(k, θ) =
k(r̃F + p̃)

ρθ − θr̂E + r̃F +
ρθ

S−1
(

ρθ
ρθ−θr̂E+r̃F

) (45)

and

yE(k, θ, ε) =


θεkE(k, θ, ε), if r̃E > ρ

0, if r̃E < ρ

∈ [0, θεkE(k, θ, ε)], if r̃E = ρ

(46)

where S−1(·) denotes the inverse of the function S : R++ → (1, ∞), and S(·) is differentiable
and monotonically increasing and is given by:

S(x) =
∫

U′(1 + xε)h (ε) dε∫
U′(1 + xε)εh (ε) dε

(47)

and y
S−1(y) is decreasing in y.

Proof. See Appendix A.

As such, the solution to the entrepreneur’s optimization problem implies that if the
after-tax return on risky capital r̂E is too low, then it is optimal for the entrepreneur
to lease all her resources to the risk-free sector. If the after-tax return on risky capital
is not too high and not too low, then the entrepreneur engages in risky investment,
proportional to her initial capital ki (i.e. ‘skin in the game’), similarly to models with
collateral constraints. Lastly, if the after-tax return on risky capital is high enough, the
entrepreneur can generate infinite income by borrowing an infinite amount and investing
it at this higher rate.

Furthermore, we show in Appendix B that the following result holds:

Lemma 1. Let F(x) ≡ 1
1+ x

S−1(x)
, where S−1(x) is defined as in Proposition 1. Then F(x) is

concave.

Comparative Statics Differentiating the entrepreneur’s optimal policy function in
Proposition 1 yields a number of comparative static results that are informative for the
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effect of capital taxes on entrepreneur’s optimal choices. We summarize these compara-
tiver static results in Proposition 2:

Proposition 2. Provided that θr̂E < ρθ + r̃F, the entrepreneur’s optimal risky investment
kE (k, θ) is:

(i) increasing in k and θ,

(ii) increasing in r̂E, with elasticity greater than 1,

(iii) decreasing in r̃F.

Proof. See Appendix C.

These results highlight the effect of capital taxes on entrepreneurial risky investment.
The government can encourage the entrepreneur to engage in intermediate goods pro-
duction via two channels. On one hand, it can increase the after-tax return from risky
capital investment, which has a direct positive effect on the amount of capital the en-
trepreneur invests in her own project. On the other hand, the same effect can be obtained
by decreasing the return to risk-free investment, albeit by a relatively larger magnitude,
causing the entrepreneur to shift away from risk-free to risky investment.

Not surprisingly, all else equal, a richer and more productive entrepreneur invests
more in her own projects. However, the fact that she is subject to financial frictions gives
grounds for capital taxes to affect the allocative efficiency of capital. To see this, recall
that the entrepreneur will invest in her own project as long as θr̂E > r̃F (provided that
θr̂E < ρθ + r̃F). If the after-tax return to risky investment is too low, or the after-tax
return to risk-free investment is too high, it could be the case that this otherwise skilled
entrepreneur chooses not to invest in her own project. This has a negative effect on
average efficiency of capital in risky projects, as will be discussed later.

3.2 Implications for Aggregates

Using Proposition 1, we now characterize various aggregates. Note that Proposition 1
implies that kE(k, θ) is proportional to k. At the cost of more notation, it is convenient
to define k̂(θ) = kE(k,θ)

k . Thus, two entrepreneurs with the same θ will always choose the
same k̂(θ).

Then the equations for aggregate KE can be written as:

KE =
∫

i
k̂E(θi)kidi (48)
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Now, since θi is drawn independently of the level of ki, we use the standard abuse of the
law of large numbers to infer that:

KE = K
∫

i
k̂E(θi)di = K

∫ θ

θ
k̂E(θ)dG(θ) (49)

Using (46), the total supply of intermediate goods to the final goods firm, YE, is then
given by:

YE =


K
∫ θ

θ θk̂E(θ)dG(θ), if r̃E > ρ

0, if r̃E < ρ

∈ [0, K
∫ θ

θ θk̂E(θ)dG(θ)], if r̃E = ρ

(50)

Using that k̂E(θ) is given by Proposition 1 and that G(θ) = A0 − A1
θ for θ ∈ [θ, θ], it

is possible to integrate
∫ θ

θ θk̂E(θ)dG(θ) and
∫ θ

θ k̂E(θ)dG(θ) by substitution. After some
rearrangement, we obtain:

YE =
A1k(r̃F + p̃)

r̃F

∫ x

1

 1

x + x2

S−1(x)

dx (51)

and

KE = YE

(
r̂E − ρ

r̃F

)
+

A1k(r̃F + p̃)
r̃F

(
ρ

r̃F

) ∫ x

1

1
x

 1

x + x2

S−1(x)

dx (52)

where x = ρθ

ρθ−r̂Eθ+r̃F
. From these expressions, it follows immediately that both YE and KE

are proportional to K, increasing in r̂E and decreasing in r̃F. We now discuss comparative
statics in more detail.

Comparative Statics of Aggregate Variables It is instructive to analyze how the ag-
gregate variables YE and KE depend on post-tax prices, treating prices as exogenous for
the moment. We take this approach because treating post-tax prices as exogenous is
relevant for the government’s optimization problem below, since the government can
essentially choose the level of post-tax prices by varying taxes.

Let e?E denote the elasticity of YE with respect to r̃E.16 Holding fixed rE, this is equiv-
alently the elasticity of YE with respect to (1− τE), by the definition of r̃E. Similarly, let
e?F denote the elasticity of YE with respect to r̃F. Let eE denote the elasticity of KE with
respect to r̃E. Let eF denote the elasticity of KE with respect to r̃F, when p̃ is varied such
that p̃ + r̃F is held constant.

Perhaps surprisingly, it is possible to characterize these elasticities almost in closed-
form in our setting. Assume again that r̃E > ρ and that at least some entrepreneurs do

16That is, e?E = r̃E
YE

∂YE
∂r̃E

.
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not invest in their own projects. Then, differentiating (51) and (52), and after algebraic
rearrangement, we obtain the following aggregate comparative statics:

Proposition 3. Suppose that there exist some entrepreneurs with sufficiently low θ so that they
only invest in the risk free sector, i.e. that r̃F > θr̃E. Then, we have that:

e?E =
A1kE(θ, r̃E, r̃F, p̃)θr̃E

r̃FYE
> 0 (53)

e?F = −
(

1 + e?E
r̃F

θr̃E

)
< −1 (54)

e?E − eE = e?E

(
1− YE

θKE

)
− YEr̃E

r̃FKE
(55)

e?F − eF = 1− e?E
r̃F

θr̃E

(
1− YE

θKE

)
(56)

where A1 = θ

1− θ

θ

. Furthermore:

(
1−

(
YE

θKE

)2
)

e?Er̃FKE

YEr̂E
≥ 1

provided x ≥ 1 + 10−6, where: x = ρθ

ρθ−r̃Eθ+r̃F

Note that e?E − eE and e?F − eF denote the elasticity of YE
KE

with respect to, respectively,

r̃E and r̃F. The ratio YE
KE

measures the total factor productivity of the entrepreneurial
sector, since it shows the quantity of intermediate goods produced per unit of the input
KE. The reason that changes in post-tax prices can affect the aggregate efficiency of
the entrepreneurial sector is that changes in post-tax prices affect which entrepreneurs
invest more and less, thereby affecting the degree to which investment is undertaken
by high θ entrepreneurs. The more investment is undertaken by high θ entrepreneurs,
the higher will be the efficiency of the entrepreneurial sector. The signs of e?E − eE and
e?F− eF are in general ambiguous – an increase in taxes (i.e. a decrease in post-tax prices)
can either increase or decrease the productivity of the entrepreneurial sector depending
on the context. This hints at the possibility that high taxes could be imposed on the
entrepreneurial sector without significant decreases in efficiency. We will find this to be
the case.

The response of aggregate output and total factor productivity to changes in post-
tax prices can be expressed in terms of these elasticities. For instance, the elasticity of
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aggregate output with respect to r̃E is equal to:

r̃E

Y
∂Y
∂r̃E

=
r̃E

Y

(
∂Y

∂KF

∂KF

∂r̃E
+

∂Y
∂YE

∂YE

∂r̃E

)
=

r̃E

Y

(
−rF

∂KE

∂r̃E
+ rE

∂YE

∂r̃E

)
=

rEYE

Y
(e?E − eE) +

(rE
YE
KE
− rF)KE

Y
eE

Here, the first term reflects that an increase in r̃E may raise output by increasing the
average efficiency of the entrepreneurial sector (via a reallocation of capital from low
θ entrepreneurs to high θ entrepreneurs).17 This term is proportional to e?E − eE, the
elasticity of the efficiency of the entrepreneurial sector with respect to post-tax prices.
The second term reflects the change in output from reallocation of capital from the risk-
free sector to the entrepreneurial sector. This will be positive if and only if rE

YE
KE

> rF,
that is, the marginal product of capital is higher on average in the entrepreneurial sector
than the risk free sector.

In a similar vein, it can be shown that:

r̃F

Y
∂Y
∂r̃F

=
rEYE

Y
(e?F − eF) +

(rE
YE
KE
− rF)KE

Y
eF

Thus, we find that changes in post-tax prices (and therefore tax rates) can influence
aggregate output. Furthermore, since changes in taxes do not influence the level of
aggregate capital K (because of the one-period setting), or labor N, an economist con-
ducting a growth accounting exercise would attribute the resulting change in output to
a change in measured total factor productivity. The elasticity of measured total factor
productivity with respect to a change in taxes would therefore be exactly equal to the
elasticity of aggregate output Y with respect to a change in taxes.

Consequently, it is apparent that in a setting with financial frictions and variation in
productivity θ across entrepreneurs, a change in taxes may affect total factor productiv-
ity. This is a distinct effect of capital taxation which has not been emphasized in earlier
literature on optimal taxation. The literature has instead focused on the effect of capital
taxation on aggregate investment. However, the formulae for the elasticities above show
that the effect of a change in taxes on measured total factor productivity is in general
also ambiguous: an increase in taxes can increase or decrease TFP.

17In the special case of the Cobb-Douglas technology Y = ZYα
EKβ

F N1−α−β, we have that r̃E
Y

∂Y
∂r̃E

= αe?E −
β KE

KF
eE.
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4 Government Optimization

In this section, we formulate the government’s optimization problem. The government
chooses tax rates {τE, τF, τW , τN} and an equilibrium E in order to in order to maximize
the social welfare function:

W = (1− Γ)U (c) N + ΓK1−σ
∫

θ

∫
ε

U
(
Ĉ (θ, ε)

)
h(ε)dε dG (θ)

where Γ denotes the relative welfare weight on entrepreneurs.
The government’s choices must be such that E constitutes an equilibrium (as de-

fined in Section 2) given the tax rates {τE, τF, τW , τN}. The second term in W , which
gives the welfare of entrepreneurs weighted by marginal social welfare weights, war-
rants some explanation. Equations (44) and (45) from Proposition 1 imply that an en-
trepreneur’s consumption is proportional to her initial stock of capital k. Therefore, we
define C(k, θ, ε) = kĈ(θ, ε). Using CRRA utility, it follows that an entrepreneur with
(k, θ, ε) obtains utility:18

U (C (k, θ, ε)) = k1−σU
(
Ĉ (θ, ε)

)
Since all entrepreneurs with the same (θ, ε) choose the same Ĉ(θ, ε), it follows that the
average utility of entrepreneurs of type θ who draw ε is given by:

E
[
k1−σ|θ

]
U
(
Ĉ (θ, ε)

)
and since k and θ are independent, E

[
k1−σ|θ

]
is just equal to K1−σ, leading to the second

term ofW above.
We allow the government to set the tax rates {τE, τF, τW , τN} at positive or negative

values and do not impose exogenous bounds on {τE, τF, τN}. The restriction that the
government’s choices are consistent with an equilibrium E (in which the government’s
budget balances) itself ensures that choosing tax rates far below 0 or above 1 is impossi-
ble.19

However, we do impose the restriction that there exists some exogenous τW < 1, such
that the government is required to choose τW ≤ τW in any allocation. Equivalently, there
exists some p such that the government is required to choose p̃ ≥ p.20 This condition can
be intepreted as reflecting the fact that it is politically impossible for the government to
confiscate literally the entirety of private wealth, leaving some entrepreneurs destitute.

18The argument is shown here for CRRA utility. In the case of log utility the argument is very similar.
19This is discussed in the proof of Lemma 5 in the appendix.
20This is a technical restriction, which prevents the government from choosing allocations giving some

entrepreneurs too low levels of consumption. Allowing the government to do this could lead to an optimal
solution that does not depend smoothly on the parameters.
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Having defined the government’s problem, we now consider properties of the solu-
tion.

Solution to the Government’s Problem The next proposition considers the case Γ = 0,
that is, the government values only the utility of workers. This case is informative for
the Γ > 0 case since, as we discuss below, many features of the Γ = 0 solution remain
true in the case Γ > 0. When Γ = 0 case, the first order conditions for the government’s
choice of taxes τE, τF, τW are as follows:

YEτErEe?E − rFKEτFeE = YE(1− τE)rE − λE (57)

YEτErEe?F − rFKEτFeF +
(YEτErE − rFKEτF)rF(1− τF)

(1− δ)(1− τW) + rF(1− τF)
= KF(1− τF)rF (58)

(YEτErE − rFKEτF)(1− δ)(1− τW)

(1− δ)(1− τW) + rF(1− τF)
= K(1− δ)(1− τW)− λW(59)

where λE and λW are Lagrange multipliers on the constraints r̃E ≥ ρ and τW ≤ τW

respectively. Although the government is not actually constrained to choose r̃E ≥ ρ, its
ability to extract revenue from entrepreneurs is effectively constrained by this bound,
since entrepreneurs will simply convert their intermediate goods directly into consump-
tion and evade taxes if r̃E < ρ. Consequently it is never optimal for the government to
set r̃E < ρ.21

The right hand side of each first order condition reflects the marginal revenue gained
by the government from raising taxes on entrepreneurs holding fixed the allocation of
capital. The left hand side of each first order condition is the marginal decrease in
government revenue caused by the reallocation of capital in response to a rise in taxes.
For instance, the right hand side of equation (57) shows that a one percent decrease in
1− τE will increase government revenue by YE(1− τE)rE percent. The left hand side
states that such an increase in taxes would reduce YE by YEe?E percent, and increase
KF by KEeE percent. This reallocation of capital would decrease government revenue
by YEτErEe?E − rFKEτFeE percent. The marginal revenue gain from increasing τE must
equal the marginal revenue cost, unless the constraint r̃E ≥ ρ binds, in which case the
government cannot raise taxes further — and λE > 0 in equation (57).

The three first order conditions can be rearranged to give closed-form expressions for
the optimal taxes in terms of the elasticities e?E, eE, e?F, eF. These results are summarized
in Proposition 4.

Proposition 4. Suppose Γ = 0. For sufficiently small G, there exist equilibria and tax rates
of this economy such that w(1− τN) > 0. If such equilibria exist then the the solution to the

21This is shown formally in the proof of Lemma 5 in the appendix.
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government’s problem satisfies the following formulae:

τE = min
[

KEeE (K (1− δ) (1− τW) + KFrF) + YErE (KE (|eF| − 1) + KF)

max{0; YErE(e?E + 1) (KE(|eF| − 1) + KF)− KEeEYErE(|e?F| − 1)} ; 1− ρ

rE

]

τF =
K (1− δ) (1− τW) + KFrF + YEτErE (|e?F| − 1)

rFKE (|eF| − 1) + KFrF

τW = min

1 +
KFrF + YEτErE (|e?F| − 1)

K (1− δ)
−

τE

(
rEYE
rFKE

)
|e?F| − 1

|eF| − 1

(rFKE (|eF| − 1) + KFrF

K (1− δ)

)
; τW


Proof. See Appendix E.

The use of ’min’ and ’max’ operators in these tax formulae reflects the fact that the
constraints τW ≤ τW and r̃E ≥ ρ may bind. Indeed τW ≤ τW does bind for a wide range
of parameter values. Combining the tax formulae in Proposition 4 with the formulae
for the elasticities (53)- (56), and using continuity arguments to extend to the case where
Γ is small and positive, it is possible to derive sufficient conditions for the constraint
τW ≤ τW to bind. These conditions are provided in the next proposition.

Proposition 5. Let S be a solution to the government’s problem in which w(1 − τN) > 0.
Suppose that in the solution S there exist entrepreneurs who optimally choose kE(θ, k) = 0, but
that the least productive entrepreneur who chooses kE > 0 has a productivity θ̃ < θ

1+10−6 .22

Then, for sufficiently low Γ ≥ 0, the solution S must entail τE ∈ (0, 1 − ρ
rE
] , τF > 0 and

τW = τ̄W .

Proof. See Appendix F.

This proposition implies that optimal taxes on entrepreneurs are very high provided
the welfare weight on them is sufficiently low and the variance of entrepreneurs’ produc-
tivity is sufficiently high. In particular, the government optimally confiscates the entirety
of entrepreneurs’ wealth, and also taxes their return to capital a positive amount, albeit
an amount constrained by ρ

rE
. This upper bound arises because higher taxes on risky

capital income would encourage entrepreneurs to divert their funds. As we discuss in
Section 5, for a calibration of ρ we find to be empirically relevant, this result implies
taxes on risky capital income of at most 32%, and therefore vastly below the value of the
tax on wealth, which can be as high as 99%.

The intuition for this result is that the government seeks to raise taxes on entrepreneurs
in order to redistribute to workers. However, in doing so it faces two potential efficiency
costs of taxation. Firstly, high taxation may disproportionately affect the ability of high θ

entrepreneurs to fund risky investment, thereby reducing the average level of investment

22This condition will be relaxed in subsequent versions of the paper. We believe that the result holds
generally, without this small qualification.
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efficiency. Secondly, high taxation may reduce the ability of all entrepreneurs to fund
risky investment, leading to inefficient under-investment in the entrepreneurial sector
and inefficient over-investment in the risk-free sector.

Nevertheless, taxes on wealth can be increased while avoiding large efficiency costs of
these types. While wealth taxes are distortionary in this model, because entrepreneurs’
investment decisions are affected by their wealth levels, wealth taxes have less effect on
allocations than do capital income taxes. This is because entrepreneurs’ choices respond
more elastically to rates of return changes than they do to changes in their wealth levels,
as established in Proposition 2. As a consequence of this, it is possible for the government
to gain revenue without affecting aggregate output if it reduces taxes on risky capital
income τE, increases taxes on risk-free income τF, and simultaneously increases the tax
τW on wealth. Such a tax policy change results in an increase in the post-tax risky-
return to capital relative to the risk-free return which tends to shift capital towards
entrepreneurial sector, and particularly to high ability entrepreneurs. This counteracts
the inefficiencies caused by the increased tax on wealth. At the same time, raising taxes
on wealth while cutting taxes on risky capital income in this way raises revenue, since
entrepreneurs’ choices are more elastic to changes in rates of return than to wealth levels.
Therefore, small reductions in taxes in capital income can negate the efficiency losses of
large increases in taxes on wealth, allowing the government to gain large amounts of
revenue by raising wealth taxes and cutting other taxes. Consequently, the government
will optimally choose to adjust taxes in this way until the tax on wealth reaches τW .

5 Calibration

We now proceed to evaluating features of the optimal capital tax system in a calibrated
version of the model economy. Recall that the entrepreneur’s incentive compatibility
constraint (9) is binding ∀ε, ε̂. Therefore, when ε̂ = 0 the constraint is:

C (k, θ, ε) = C + ρkE(k, θ)θε (60)

where C= C (k, θ, 0).
In taking the model to the data, we assume empirically that an entrepreneur’s con-

sumption is equal to the constant C plus the income due to the after-tax profits of the
firms she owns. We assume that the empirically observed tax rate on profits is τ̂ and
we solve for the optimal tax rate τE. Therefore, observed after-tax income is s(1− τ̂)yE,
where s is the equity share of the entrepreneur in her firm, and yE refers to the pre-tax
profits of the firm.

Thus, the entrepreneur’s consumption is assumed to satisfy:

C = C + syE(1− τ̂) (61)
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Combining equations (60) and (61), and noting yE = rEθεkE, we obtain:

s(1− τ̂) =
ρ

rE
(62)

Using the result that the optimal tax τE satisfies τE ∈ (0, 1− ρ
rE
) we can conclude that the

optimal τE ∈ (0, 1− s(1− τ̂)).
To calibrate the entrepreneur’s stake in the business, we use data from two sources:

the Survey of Consumer Finances (SCF) and the (National) Survey of Small Business
Finances (SSBF). Both surveys contain information regarding business ownership, with
the difference that the first is a household survey, while the second is a survey of small
businesses. We can identify in each of them groups of respondents that are in line with
our notion of entrepreneurship. We use both sources as validation for our results.

The Survey of Consumer Finances is a a triennial cross-sectional survey of U.S. fami-
lies which provides information on individual household portfolio composition, includ-
ing investment in private firms. While the SCF was initially administered in 1983, it was
not until 1989 that questions about business ownership were introduced. Therefore, we
use all survey waves from 1989 until 2013. We restrict the sample to households who
report owning a business in which they have an active management interest, and are
between 25 and 65 years old. This represents, on average, 14.3% of the sample. If a
household is an active participant in multiple businesses, we examine the average share
across businesses.23

The (National) Survey of Small Business Finances collects information on private,
non-financial, non-agricultural businesses in the U.S., with fewer than 500 employees.
There are four surveys to date, but only the last three (1993, 1998 and 2003) collect
ownership share information and are useful for our purposes. The surveys detail the
demographic and financial characteristics of the firms and their principal shareholder.24

Approximately 90% of these firms are managed by the principal shareholder. We apply
the same sample restrictions as in the SCF.

Figure 2 displays the evolution of the ownership share over time. Both surveys indi-
cate that ownership is highly concentrated, entrepreneurs holding, on average, 84% of
their firm’s equity. In particular, the average share is 85% in SCF and 83% in (N)SSBF.
Ownership rates are very stable not only across surveys, but also across the time horizon
we consider. For this reason, for the remainder of our calibration exercise we work with
their average over time and surveys, denoted by sm = 84%.

To calibrate τ̂ we use information from the OECD Tax Database, which reports annual
personal and corporate taxes for the period 2000-2016. We set τ̂ equal to the average

23We obtain similar results if we only focus on the business in which the household has the largest
investment.

24In 2003 information was collected for up to three owners. We only focus on the main owner, i.e. the
one with the largest ownership in the business.
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Figure 2: Ownership Share in the U.S.

Notes: The orange bars show the average share that entrepreneurs in SCF own in their business. The black
bars show the average share of small businesses in the (N)SSBF that is owned by the principal shareholder.

corporate tax rate for small businesses in the U.S., which is 20.13%. We include both
federal and state taxes in our calculations. The total tax rate is also very stable over the
time horizon we consider, ranging from 20.26% in 2000 to 19.86% in 2016.

Calibrating to match s = sm = 0.84 and τ̂ = 0.2, we obtain that τE ∈ (0, 0.32). Thus,
the calibrated model supports taxes on risky capital income much below 100%, and
roughly in line with current practice.

Under the conditions of Proposition 5, the optimal tax on wealth, by contrast, hits τW

provided Γ is sufficiently small. Note that additional conditions in Proposition 5 required
for this result are extremely weak – essentially these conditions are that at least some
entrepreneurs set kE = 0, and a non-negligible measure set kE > 0 – and so are surely
guaranteed in applications. There are no reasons based on incentives or technology to
prevent high taxes on wealth in the model. Consequently, we set τW = 99%, implying
that the government will impose staggeringly high taxes on wealth. Wealth taxes will
be much higher than taxes on risky capital income because, as discussed above, taxes
on risky capital income have a much greater propensity to cause incentive problems.
In reality, the feasible upper limit on wealth taxes is probably significantly lower than
this, due to technical difficulties with measuring wealth or collecting the tax, or due to
additional effects of taxes on incentives left out of the model, such as the effects of taxes
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on entry into entrepreneurship. Nevertheless, the model suggests the possibility that
surprisingly high taxes on wealth may be optimal.

6 Conclusion

We examine the implications of entrepreneurial financial frictions for optimal linear
capital taxation, in a setting where the government desires to redistribute from en-
trepreneurs, who own capital, to workers who do not, as in Judd (1985). Allowing
for financial frictions implies that capital taxation can affect the efficiency of capital
allocation - a force missing from models without financial frictions. In our framework,
entrepreneurs can invest capital in projects which yield risky return or lease it to compet-
itive firms which produce output, while workers supply labor and live hand to mouth.
The utilitarian government uses a mix of (possibly negative) taxes on wealth, capital and
on labor, and has to finance exogenous expenditure while balancing its budget.

We follow the "sufficient statistics" approach in characterizing optimal tax rates in
terms of the elasticities of agents decisions with respect to taxes. We find that wealth
confiscation and positive capital taxes are optimal. However, the possibility of efficiency
losses due to capital taxation implies that extreme levels of capital taxation are subop-
timal, even if the government puts no welfare weight on capital owners. In general,
we find that the optimal level of capital taxation is highly dependent on the severity
of financial frictions. We calibrate the model to measure these elasticities and compute
optimal taxes. We find that optimal capital taxes are well below the value of the wealth
tax and roughly in line with current U.S. levels.

To isolate the consequences of taxation on the efficiency of capital allocation, we ab-
stracted from the effect of taxes on capital accumulation by assuming a single period.
We also abstracted from a range of other relevant issues such as endogenous entry into
entrepreneurship, and the savings of workers. These assumptions certainly affect the
precise optimal tax results we obtain. Nevertheless, we conjecture that the characteriza-
tion we obtain for optimal taxes in terms of elasticities, and the characterization of these
elasticities would remain relevant and useful even when these extensions are considered.
As such, our finding that entrepreneurs’ choices are more elastic with respect to capital
income taxation than to wealth taxation may survive in a larger class of models than the
one we consider here. If so, extending our model to incorporate some of these other
considerations may serve to confirm our finding that it is optimal to tax wealth as well
as capital income, and perhaps to tax wealth at a higher rate than capital income. We
plan to consider some of these extensions in future work.
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Appendices

A Proof of Proposition 1

Proof. The proof proceeds in steps.

Step 1: First we consider the case θr̂E ≥ ρθ + r̃F and show that no finite solution exists
and the entrepreneur’s value can attain the supremum limx→∞ u(x). To demonstrate
this, it suffices to consider a particular sequence of choices {kE,M, CM, bM, b̂M, yE,M}∞

M=1
such that these choices result in an expected utility of the entrepreneur that approaches
limx→∞ U(x) as M approaches infinity.

Therefore, consider the following sequence of choices: kE,M = M; CM(k, θ, ε) =

ρθεkE,M + [r̃E − ρ]θkE,M + p̃kE,M + (r̃F + p̃)(k − kE,M); yE,M(θ, ε) = θεkE,M and suppose
that for each M, b(θ)M and b̂(θ, ε)M are chosen so as to satisfy equations (28) and (29).
It can be verified that these choices satisfy all the constraints on the entrepreneur’s opti-
mization problem, for every M. Since θr̂E ≥ ρθ + r̃F, it follows from the expression for
CM(θ, ε) that the value of CM(k, θ, ε) will be positive for every realization of ε. Moreover,
for every realization of ε > 0, CM(k, θ, ε) is increasing in M, and approaches infinity as
M→ ∞. Consequently, the expected utility of the entrepreneur approaches limx→∞ U(x)
as M approaches infinity.

Step 2: For the remainder of the proof we assume that θr̂E < ρθ + r̃F, since the other
case was dealt with in Step 1. Under this assumption, we show in this step that the
optimal choice of consumption for the entrepreneur is

C (k, θ, ε) = c (k, θ) + ρkE (k, θ) θε (63)

for some function c (k, θ), which does not depend on ε. First, we note that, since
yE (k, θ, ε) ≤ kE (k, θ) θε, it follows that ε̂ ≤ ε implies yE (k, θ, ε̂) ≤ kE (k, θ) θε. There-
fore, the incentive compatibility constraint (ICC) necessarily requires:

∀ε̂ ∈ (0, ε] : C (k, θ, ε) ≥ C (k, θ, ε̂) + ρkE (k, θ) θ (ε− ε̂)

We may call this the weak ICC. At the same time, it is immediate that the following
condition is sufficient for the incentive compatibility constraint to be satisfied:

∀ε̂ > 0 : C (k, θ, ε) ≥ C (k, θ, ε̂) + ρkE (k, θ) θ (ε− ε̂)

We may call this the strong ICC. Now, we will solve for the entrepreneur’s optimal choice
of consumption using only the weak ICC. We will show that the solution then implies
that the strong ICC holds. Therefore, we will conclude that the resulting choice of con-
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sumption is consistent with the original form of the incentive compatibility constraint,
and therefore is the optimal choice in the entrepreneur’s problem.

To that end, define the function c (k, θ, ε) ≡ C (k, θ, ε)− ρkE (k, θ) θε. Then, the weak
ICC is equivalent to the requirement that c (k, θ, ε̂) ≤ c (k, θ, ε) for ε̂ ≤ ε, which is equiv-
alent to the statement that c (k, θ, ε) is increasing in ε. Thus, C (k, θ, ε) is also increasing
in ε. Hence, since the entrepreneur is risk averse, she is better off, all else equal, if
c (k, θ, ε) does not depend on ε than if it is strictly increasing in ε. We now show that,
for this reason, the entrepreneur will choose c (k, θ, ε) that does not depend on ε (un-
der the assumption that the incentive compatibility constraint is replaced with the weak
ICC). Suppose otherwise, that there exists a solution S to the optimization problem with
c (k, θ, ε) strictly increasing in ε for some values of ε, and let t (k, θ) = Eε (c (k, θ, ε) |k, θ).
The consider the solution S ′ which is the same as S , except that c (k, θ, ε) = t (k, θ) for
each ε, and so C (k, θ, ε) = t (k, θ) + ρkE (k, θ) θε, and where we change b̂ (·) accordingly,
so that the entrepreneur’s budget constraint is still satisfied. All other choices remain
the same between S and S ′. Then, it can readily be verified that S ′ satisfies all the con-
straints of the problem provided that S satisfies these constraints, and moreover that S ′
makes the entrepreneur better off in expectation than S , since her expected consumption
is the same in the two solutions, but the solution involves taking less risk. Therefore S
cannot actually be a solution to the problem. Thus, it follows that in any solution, if we
replace the incentive compatibility constraint with the weak ICC, then c (k, θ, ε) does not
depend on ε, as claimed.

Finally, it remains only to note that this solution for consumption also satisfies the
strong ICC, and therefore satisfies the incentive compatibility constraint. Substituting
equation (63) into the strong ICC, we obtain ∀ε̂ > 0 : c (k, θ) ≥ c (k, θ), which is imme-
diately satisfied, since c does not depend on ε. This completes this step of the proof.

Step 3: Now we show that if r̃E > ρ then any optimal solution satisfies, almost
everywhere,

yE (k, θ, ε) = θεkE (k, θ) (64)

Likewise, if r̃E < ρ, then any optimal solution satisfies almost everywhere

yE (k, θ, ε) = 0

and if r̃E = ρ then any solution for yE (k, θ, ε) ∈ [0, θεkE (k, θ)] is optimal.
We prove the result for the case r̃E > ρ by contradiction. For a contradiction, suppose

that this is not the case, and that there exists a solution S to the optimization problem
and a value of (θ, k) and some set of positive measure E such that, for ε ∈ E we have
that yE(k, θ, ε) < θεkE(k, θ). Note that since r̃E > ρ, we can always perturb this solution
by replacing it with a solution S ′ in which yE(k, θ, ε) = θεkE(k, θ) and all other choices
remain the same as in S except for b̂(θ, ε) for ε ∈ E , which increase so that (29) is still
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satisfied. Note that the choices in S ′ are feasible and yield the same expected utility
for the entrepreneur as in S (here, we use that consumption is given by (63) and so the
ICC constraint is satisfied). Note that in S ′ , the constraint (30) does not bind for the
entrepreneur with (θ, k). Now consider the solution S ′′, which perturbs S ′ by increasing
C(k, θ, ε) by some constant t > 0 for all ε and reducing b̂(θ, k, ε) by t > 0, so that the
constraint (30) binds with equality. It is evident that S ′′ yields a higher expected utility
for the entrepreneur than either S ′ or S . Hence S cannot be a valid solution to the
problem, which is the contradiction we sought. Hence yE(k, θ, ε) = θεkE(k, θ) almost
everywhere in all solutions in this case. The proof for the case r̃E < ρ is almost identical,
except that the alternative solutions use the deviation yE (k, θ, ε) = 0 everywhere.

For the case r̃E = ρ, note that since consumption is given by equation (63), satisfying
the ICC, then it is the case that the value of yE (k, θ, ε) drops out from all the constraints
of the entrepreneur’s problem and yE (k, θ, ε) does not appear in the entrepreneur’s
objective function. We conclude that any yE (k, θ, ε) ∈ [0, θεkE (k, θ)] is therefore optimal.

Step 4: Now note that r̂E ≥ ρ by definition, and so θr̂E ∈ [θρ, r̃F + θρ). Using the
results of the previous steps, we show in this step that the entrepreneur’s problem can
be signficantly simplified and we derive a first order condition that is both necessary and
sufficient for the unique solution. First, note that in an optimal solution (30) binds with
equality since otherwise it would be possible to increase C by a small amount every-
where, as in Step 3 above, and make the entrepreneur better off. Substitute (30) and (28)
into the other constraints, so as to eliminate b and b̂ from the entrepreneur’s problem.
Then, substitute in equations (64) and (63) to eliminate C(k, θ, ε) in the entrepreneur’s
objective function and constraints. We obtain the following simplified entrepreneur’s
problem:

sup
{c(k,θ),kE(k,θ)}

inf
l>0

∫
ε

U(c(k, θ) + kE(k, θ)ρθε + l)h (ε)dε (65)

subject to

c(k, θ) + kE (k, θ)

(∫
ε
(ρ− r̂E) θεh(ε)dε + r̃F

)
= k (r̃F + p̃) (66)

kE(k, θ) ≥ 0 (67)

c(k, θ) ≥ 0 (68)

Using that E(ε) = 1, we can further simplify (66) to

c(k, θ) = k (r̃F + p̃)− kE (k, θ) ((ρ− r̂E) θ + r̃F) (69)

It can be shown that a a solution to this maximization problem exists, and that the
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following first order conditions are necessary and sufficient for a unique solution:

0 =
∫

ε
U′
(

k (r̃F + p̃) + kE (k, θ) (ρθ (ε− 1) + θr̂E − r̃F)

)
(ρθ (ε− 1) + θr̂E − r̃F) h (ε)dε

+ λ1 − λ2 [θ (ρ− r̂E) + r̃F] (70)

where the solution and Lagrange multipliers λ1, λ2 jointly satisfy:

λ1 ≥ 0 (71)

λ2 ≥ 0 (72)

kE(k, θ) ≥ 0 (73)

kE(k, θ)(θ (ρ− r̂E) + r̃F) ≤ k (r̃F + p̃) (74)

λ1kE(k, θ) = λ2 [k (r̃F + p̃)− kE(k, θ)(θ (ρ− r̂E) + r̃F)] = 0 (75)

Step 5: Now we show that θr̂E ≤ r̃F is a necessary and sufficient condition for
kE (k, θ) = 0 in the unique solution. Furthermore, we show that if instead θr̂E > r̃F, then
the first order condition (70) must hold with λ1 = 0 and λ2 = 0.

First, consider the case kE (k, θ) = 0. Substitute kE (k, θ) = 0 into the Kuhn-Tucker
conditions in Step 4. We obtain:

0 =
∫

ε
U′
(

k (r̃F + p̃)
)
(ρθ (ε− 1) + θr̂E − r̃F) h (ε)dε + λ1 − λ2 [θ (ρ− r̂E) + r̃F]

0 ≤ k (r̃F + p̃)

0 = λ2k (r̃F + p̃)

Since we know that the solution to the entrepreneur’s problem is unique, it remains to
show that there exist λ1, λ2 ≥ 0 satisfying these three conditions if and only if θr̂E ≤ r̃F.
Since the proposition assumes k (r̃F + p̃) > 0 it follows immediately that we must have
λ2 = 0. Then, two of the three conditions are immediately satisfied. We can find λ1 ≥ 0
satisfying the remaining condition if and only if:

∫
ε

U′
(

k (r̃F + p̃)
)
(ρθ (ε− 1) + θr̂E − r̃F) h (ε)dε ≤ 0 (76)

Note that U′
(

k (r̃F + p̃)
)

is a constant that can be taken out of the integral in (76). Then,

using E[ε] = 1, this equation immediately simplifies to θr̂E − r̃F ≤ 0. Thus, since the
first order conditions are necessary and sufficient for the unique solution, we have that
kE(k, θ) = 0 if and only if θr̂E − r̃F ≤ 0 (assuming θr̂E ∈ (θρ, ρθ + r̃F)).

Now, suppose that θr̂E− r̃F > 0. It follows immediately that kE(k, θ) > 0. In this case,
the complementary slackness condition (75) implies that λ1 = 0. It remains to show that
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λ2 = 0 also. For a contradiction, suppose that λ2 > 0. Then (75) implies that

k (r̃F + p̃) = kE(k, θ)(θ (ρ− r̂E) + r̃F)

Manifestly, this equation can only be satisfied in a way that meets the constraints if
kE(k, θ) > 0. Now, using (69), we can then infer that c(k, θ) = 0. Substituting this into
the simplified objective function (65) we obtain that these choices give the entrepreneur
an expected utility of:

inf
l>0

∫
ε

U(kE(k, θ)ρθε + l)h (ε)dε

This expression can be shown to equal negative infinity under power utility, assuming
a coefficient of risk aversion greater than or equal to 1. Thus, the choice of k (r̃F + p̃) =
kE(k, θ)(θ (ρ− r̂E) + r̃F) must give the entrepreneur an expected utility of negative infin-
ity. On the other hand, if the entrepreneur chooses kE(k, θ) = 0, then her expected utility
is (using equation (65)):

inf
l>0

∫
ε

U(k (r̃F + p̃))h (ε)dε = U(k (r̃F + p̃)) > −∞

so it cannot be optimal for the entrepreneur to choose k (r̃F + p̃) = kE(k, θ)(θ (ρ− r̂E) +

r̃F), which is the contradiction we sought. Therefore λ2 = 0.

Step 6: Now, we assume (as before) that θr̂E < ρθ + r̃F, and suppose further that
θr̂E − r̃F > 0. In this step, we show that in this case the solution kE(k, θ) is the unique
solution to:

ρθ

ρθ − θr̂E + r̃F
= S

(
kE (k, θ) ρθ

k (r̃F + p̃) + kE (k, θ) (−ρθ + θr̂E − r̃F)

)
(77)

where the function S is defined as in Proposition 1.
Note that in this case, the results of the previous step imply that λ1 = 0 and λ2 = 0

in the first order condition (70). Then, (70) simplifies to:

0 =
∫

ε
U′
(

k (r̃F + p̃) + kE (k, θ) (ρθ (ε− 1) + θr̂E − r̃F)

)
(ρθ (ε− 1) + θr̂E − r̃F) h (ε)dε

(78)

which can be further simplified to:

0 =
∫

ε
U′
(

1 +
kE (k, θ) ρθε

k (r̃F + p̃) + kE (k, θ) (−ρθ + θr̂E − r̃F)

)
(ρθ (ε− 1) + θr̂E − r̃F) h (ε)dε

This step used the fact that U satisfies constant relative risk aversion, with the coefficient
of risk aversion greater than equal to 1. Hence, for any a > 0, U′(ax) is proportional to
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U′(x) and so we can take the constant k (r̃F + p̃) + kE (k, θ) (−ρθ + θr̂E − r̃F) out of the
utility function rearrange to:

0 =
∫

ε
U′
(

1 +
kE (k, θ) ρθε

k (r̃F + p̃) + kE (k, θ) (−ρθ + θr̂E − r̃F)

)(
ρθ

−ρθ + θr̂E − r̃F
ε + 1

)
h (ε)dε

Letting

x =
kE (k, θ) ρθ

k (r̃F + p̃) + kE (k, θ) (−ρθ + θr̂E − r̃F)

the previous equation implies that:

ρθ

ρθ − θr̂E + r̃F
=

∫
ε U′

(
1 + xε

)
h (ε)dε

∫
ε U′

(
1 + xε

)
εh (ε)dε

Using the definition of S(·) in equation (47), this can be written:

ρθ

ρθ − θr̂E + r̃F
= S

(
kE (k, θ) ρθ

k (r̃F + p̃) + kE (k, θ) (−ρθ + θr̂E − r̃F)

)
where we substituted back the definition of x. Thus we obtain (77), as desired.

Step 7: We continue with the case θr̂E ∈ (θr̃F, ρθ + r̃F]. In this step, we show that in
this case kE(k, θ) is given according to equations (44) and (45).

We showed in the previous step that the solution kE(k, θ) in this case is the unique
solution to (77). Now, by varying θ we can show that the left hand side of (77) can take
any value greater than 1. On the other hand, we may also note that for any θ, r̃F, r̂E

consistent with θr̂E ∈ [θρ, ρθ + r̃F] and θr̂E − r̃F > 0 and for any y > 0 there exists a
unique kE(k, θ) such that

kE (k, θ) ρθ

k (r̃F + p̃) + kE (k, θ) (−ρθ + θr̂E − r̃F)
= y

Furthermore, kE(k, θ) solving this equation is a monotonically increasing function of y.
Then, it must follow that for any x > 1 there must be exactly one solution y > 0 to the
equation x = S(y).

Now, note that, for x > 0, S(x) > 1 always. To prove this note that S is defined as

S(x) =
∫

U′(1+xε)h(ε)dε∫
U′(1+xε)εh(ε)dε

> 0 and can be shown to equal:

S(x) =
E[U′(1 + xε)]

E[U′(1 + xε)] + Cov[U′(1 + xε), ε]
> 1

where we used that Cov[U′(1 + xε), ε] < 0 since U′′(·) < 0. Thus, we have that S maps
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the interval (0, ∞) to the interval (1, ∞), and that for any y ∈ (1, ∞), there is exactly one
x ∈ (0, ∞) such that S(x) = y. Hence, S is invertible, where the domain of S−1(x) is
x ∈ (1, ∞). Using that S is invertible, we can rewrite (77) as follows:

S−1
(

ρθ

ρθ − θr̂E + r̃F

)
=

kE (k, θ) ρθ

k (r̃F + p̃) + kE (k, θ) (−ρθ + θr̂E − r̃F)

kE(k, θ) =
k(r̃F + p̃)

ρθ − θr̂E + r̃F +
ρθ

S−1
(

ρθ
ρθ−θr̂E+r̃F

)
Thus, we obtain (45). Finally, (44) follows immediately by combing (69) with (63).

Step 8: We show that S(y) is strictly increasing and differentiable in y, for any y > 1.
To show that S is differentiable, recall that the entrepreneur’s objective function is con-
tinuously differentiable over some compact set containing the optimum. Furthermore,
the entrepreneur’s choice set can easily be verified to be compact and depends on the
rates of return and parameters in an upper hemi-continous way. Thus, the conditions
required for the application of Berge’s theorem of the maximum are satisfied. By the
theorem of the maximum, kE(k, θ) is differentiable with respect to θ, ρ and the rates of
return. Since, in the case considered in the previous step, kE(k, θ) is given by (45), it is
immediately evident that if, for some y > 1, S−1(y) is not differentiable at y, then kE

cannot be a differentiable function of the parameters, contradicting Berge’s maximum
theorem. Therefore S−1(y) is differentiable for y > 1.

Now, since S−1(y), y > 1 is invertible as well as differentiable, it must be strictly
monotone. Moreover, its inverse, S(y), y > 0 must also be differentiable and strictly
monotone for y > 0. It was shown above that S(y) > 0 for y > 0. Inspection of equation
(47) reveals that limy→0 S(y) = 1. Then, since S(y) is strictly monotone, it must be strictly
increasing in y, which completes this step of the proof of Proposition 1.

Step 9: We show in this step that y
S−1(y) is decreasing in y, for y > 1. Let x = y

S−1(y) .
Then, using equation (47), it follows that x solves the equation:

y = S
(y

x

)
=

∫
U′(1 + y

x ε)h (ε)dε∫
U′(1 + y

x ε)εh (ε)dε

It remains to show that the solution x to this equation is decreasing in y. Now, rearrange
this to:

0 =
∫

U′(1 +
yε− 1
x + 1

)(yε− 1)h (ε)dε (79)

where we used the fact that the CRRA property of U means that U′(ax) is proportional to
U′(x) for any constant a > 0, and therefore that we can multiply or divide the argument
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of U′ by a constant and the equation continues to hold.
Now, for convenience, let x? denote 1

x+1 and let S̃(y, x?) denote the right hand side
of (79). Then, letting x?(y) denote the solution to the equation, it remains to show that
∂x?
∂y > 0. For convenience, let t = 1 + (yε− 1) x? and suppose that Eε [U′′(t) (yε− 1)] ≥

0. We will subsequently consider the case Eε [U′′(t) (yε− 1)] < 0. Note that S̃ is contin-
uously differentiable for relevant values of x and y, since the integrand is continuously
differentiable and is smaller in absolute value than

∣∣∣U′(1) supε≥0 h(ε)
∣∣∣ < ∞, so differen-

tiation under the integral sign is possible. Now, using the implicit function theorem, we
have that:

∂x?

∂y
= −

(
∂S̃
∂y

)
(

∂S̃
∂x?

) (80)

Differentiating S̃ with respect to y and x?, we have that:

∂S̃
∂y

=
∫

ε

[
U′′(t)εx? (yε− 1) + U′(t)ε

]
h (ε)dε

∂S̃
∂x?

=
∫

ε
U′′(t) (yε− 1)2 h (ε)dε

It is immediate that ∂S̃
∂x? < 0, since U′′(t) < 0. To evaluate the sign of ∂S̃

∂y , note that it can
be rewritten as:

∂S̃
∂y

= E
[
U′′(t)εx? (yε− 1) + U′(t)ε

]
= E

[
U′′(t)εx? (yε− 1)

]
+ E

[
U′(t)ε

]
= x?

{
E
[
U′′(t) (yε− 1)

]
E[ε] + Cov[U′′(t) (yε− 1) , ε]

}
+ E

[
U′(t)ε

]
> x?E

[
U′′(t) (yε− 1)

]
E[ε] + E

[
U′(t)ε

]
> x?E

[
U′′(t) (yε− 1)

]
Here, the fourth line uses that U′′(t) is an increasing function of t under CRRA, since
U′′′(t) is positive. Since t is increasing in ε given x? > 0, it follows that U′′(t) (yε− 1)
is increasing in ε. Consequently, it follows that Cov[U′′(t) (yε− 1) , ε] > 0. The fifth line
uses that E[ε] = 1 by assumption, and that E [U′(t)ε] > 0, since U′(t) > 0 for all ε > 0.
Therefore, we conclude that if E [U′′(t) (yε− 1)] ≥ 0 then ∂S̃

∂y > 0. In that case, since
∂S̃
∂x? < 0, it follows from (80) that ∂x?

∂y > 0.
Now, consider the case where Eε [U′′(t) (yε− 1)] < 0. Note that the equation S̃(x?, y)

can be rewritten:

0 =
∫

U′(
1
y
+ x?(ε− 1

y
))(yε− 1)h (ε)dε (81)
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Let Ŝ(x?, y) denote the right hand side of (81). It is therefore evident that S̃(x?, y) = 0⇔
Ŝ(x?, y) = 0. Thus we may define x?(y) as the solution to Ŝ(x?, y) = 0. Ŝ is continuously
differentiable for relevant values of x and y, by the same argument we used to show that
S̃ is continuously differentiable. Using the implicit function theorem we have:

∂x?

∂y
= −

(
∂Ŝ
∂y

)
(

∂Ŝ
∂x?

)
We now show that ∂Ŝ

∂y > 0 and ∂Ŝ
∂x? < 0 in this case, from which it therefore follows that

∂x?
∂y > 0. The derivatives ∂Ŝ

∂y and ∂S̃
∂x? are given by:

∂Ŝ
∂y

=
∫

ε

[
−U′′

(
t
y

)(
1− x?

y2

)
(yε− 1) + U′

(
t
y

)
ε

]
h (ε)dε

∂Ŝ
∂x?

=
∫

ε
U′′
(

t
y

)(
ε− 1

y

)
(yε− 1) h (ε)dε

where t = 1 + (yε− 1) x?, as above.
To see that ∂Ŝ

∂x? < 0, note that it can be rewritten as:

∂Ŝ
∂x?

=
∫

ε
U′′
(

t
y

)(
1
y

)
(yε− 1)2 h (ε)dε

which must be negative, since U′′
(

t
y

)
< 0 always.

To see that ∂Ŝ
∂y > 0 in this case, note that

∂Ŝ
∂y

= E

[
−U′′

(
t
y

)(
1− x?

y2

)
(yε− 1) + U′

(
t
y

)
ε

]
> E

[
−U′′

(
t
y

)(
1− x?

y2

)
(yε− 1)

]
=

(
1− x?

y2

)
E

[
−U′′

(
t
y

)
(yε− 1)

]

By the constant relative risk aversion property of U(·), E
[
−U′′

(
t
y

)
(yε− 1)

]
has

the same sign as E [−U′′ (t) (yε− 1)], since y does not depend on ε, and U′′(ax) is
proportional to U′′(x) for any constant a > 0. Since we are considering the case
Eε [U′′(t) (yε− 1)] < 0, it follows that ∂Ŝ

∂y > 0 in this case, provided that
(

1−x?
y2

)
> 0, i.e.
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x? < 1. Now, recall that x? = 1
x+1 , where x = y

S−1(y) , y > 1. Then, x? < 1 if and only if:

1
1 + y

S−1(y)

< 1 for any y > 1

Then, since we showed that S−1(y) > 0 for any y > 1, it follows immediately that x? < 1.
Hence, we have that ∂Ŝ

∂y > 0 in this case, and therefore that ∂x?
∂y > 0 in general (since we

covered the other case above). As argued above, this proves that y
S−1(y) is a decreasing

function of y, which completes the proof of Proposition 1.

B Proof of Lemma 1

The proof of this lemma amounts to showing that the second-order derivative of F(x) is
negative. The second-order derivative of F(x) is:

F′′(x) =
x
(
S−1)′′ (x)

(x + S−1(x))2 − 2F′ (x)
1 +

(
S−1)′ (x)

x + S−1(x)

where F′(x) is the first-order derivative of F(x) and is equal to:

F′(x) =
x
(
S−1)′ (x)− S−1(x)

(x + S−1(x))2

Consider the first term of F′′(x). We know from Proposition 1 that S′(x) ≥ 0. From
the assumptions on h (ε), it immediately follows that S′′(x) ≥ 0. Since the inverse of a
convex and increasing function is concave, it follows that

(
S−1)′′ (x) ≤ 0, and so the first

term of F′′(x) is negative.
Consider now the second term of F′′(x). We know from the proof of Proposition 1

that S−1(x) > 0 and that x
S−1(x) is decreasing in x, making F′(x) ≥ 0. This means that

the numerator of F′(x) has to be positive, i.e. x
(
S−1)′ (x) ≥ S−1(x) (> 0). Therefore,

the second term of F′′(x) is also negative.
Since F′′(x) ≤ 0 is the sum of two negative numbers, it immediately follows that F(x)

is concave, which completes the proof.

C Proof of Proposition 2

Proof. To derive the results, it is convenient to define x = ρθ
ρθ−θr̂E+r̃F

and m̃ = r̃F + p̃, so

that kE(k, θ) = km̃
ρθ

x
1+ x

S−1(x)
when x > 1 and kE(k, θ) = 0 when x < 1. Furthermore, we

define, for any variable v, that ∂v
∂m̃ ≡

∂v
∂ p̃ , and we define ∂v

∂r̃F
as the change in v due to a
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change in r̃F when m̃ is held constant, i.e. when p̃ is decreased at the same rate as r̃F is
increased. We now proceed to the comparative statics.

Effect of k : Consider, first of all, the effect of a change of k on kE(k, θ). Since x does
not depend on k, we have that kE(k, θ) is proportional to k. Thus :

∂kE (k, θ)

∂k
≥ 0

k
kE (k, θ)

∂kE (k, θ)

∂k
= 1 if kE(k, θ) > 0

Effect of m̃: Similarly, since x does not depend on m̃, we have that kE(k, θ) is propor-
tional to m̃. Thus:

∂kE (k, θ)

∂m̃
≥ 0

k
kE (k, θ)

∂kE (k, θ)

∂m̃
= 1 if kE(k, θ) > 0

Effect of r̂E: It is immediately apparent that x is strictly increasing in r̂E. Since x
S−1(x)

is strictly decreasing in x, it follows that 1
1+ x

S−1(x)
is strictly increasing in x, and so kE(k, θ)

is strictly increasing in r̂E provided x > 1. It is also weakly increasing for x < 1 since
kE(k, θ) = 0 in that case. By continuity of kE(k, θ), it follows then that kE(k, θ) must
be weakly increasing in r̂E everywhere. Furthermore, we can also show that kE(k, θ) is
relatively elastic with respect to r̂E whenever kE(k, θ) > 0. By Proposition 1 it follows
that in that case x > 1. Then we have that:

r̂E

kE

∂kE

∂r̂E
≡ r̂E

kE

(
k(r̃F + p̃)

ρθ

)[
∂

∂x

(
1

1 + x
S−1(x)

)
x

∂x
∂r̂E

+

(
1

1 + x
S−1(x)

)
∂x
∂r̂E

]

=

[
x
(

1 +
x

S−1(x)

)
∂

∂x

(
1

1 + x
S−1(x)

)
+ 1

]
r̂E

x
∂x
∂r̂E

Now,

r̂E

x
∂x
∂r̂E

=
r̂E

x
ρθ2

(ρθ − θr̂E + r̃F)
2 =

r̂Ex
ρ

which is larger than 1 when r̂E ≥ ρ and x > 1. Since ∂
∂x

(
1

1+ x
S−1(x)

)
> 0 (as argued

above), we can conclude that r̂E
kE

∂kE
∂r̂E

> 1 whenever kE(k, θ) > 0. That is, the elasticity of
entrepreneurial capital with respect to the r̂E has to be greater than 1.
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Effect of r̃F : Using the definition of ∂
∂r̃F

given above, we can repeat the same steps

used to find r̂E
kE

∂kE
∂r̂E

to deduce that:

r̃F

kE

∂kE

∂r̃F
=

[
x
(

1 +
x

S−1(x)

)
∂

∂x

(
1

1 + x
S−1(x)

)
+ 1

]
r̃F

x
∂x
∂r̃F

and

r̃F

x
∂x
∂r̃F

=
−r̃Fx

ρθ
=

−r̃F

ρθ − θr̂E + r̃F
< −1

whenever kE(k, θ) > 0 (i.e. when ρθ − θr̂E < 0) . Thus, provided these conditions hold,
it follows that r̃F

kE

∂kE
∂r̃F

< −1.

Effect of θ: Since 1
1+ x

S−1(x)
is increasing in x, and x is increasing in θ (since r̂E ≥ ρ)

it follows that 1
1+ x

S−1(x)
is increasing in θ. Furthermore, x

ρθ ≡
1

ρθ−r̂Eθ+r̃F
is increasing in

θ (since r̂E ≥ ρ). Therefore, kE(θ) is increasing in θ whenever x = 1. Furthermore,
kE(θ) = 0 when x < 1 so it is obviously (weakly) increasing in θ then. Since kE(θ) is
continous in θ, it follows that it is (weakly) increasing in θ everywhere.

D Proof of Proposition 3

For the purpose of the remaining proofs, it is convenient to define θ̂ = YE
KE

. θ̂ is essentially
the average productivity of entrepreneur’s projects, in terms of units of intermediate
goods produced per unit of capital input.

We now present three lemmas, which in combination provide the results of Proposi-
tion 3.

Lemma 2. Suppose that there exist some entrepreneurs with sufficiently low θ so that they only
invest in the risk free sector, i.e. that r̃F > θr̃E. Then, we have that:

e?E = A1kE(θ,r̃E,r̃F,p̃)θr̃E
r̃F θ̂KE

e?F = −
(

1 + e?E
r̃F

θr̃E

)
e?E − eE = e?E

(
1− θ̂

θ

)
− θ̂r̃E

r̃F

e?F − eF = 1− e?E
r̃F

θr̃E

(
1− θ̂

θ

)
where A1 = θ

1− θ

θ

.
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Proof. KE and θ̂KE are the aggregate of entrepreneur’s decisions, which have already
been solved for. These are:

KE =
K(r̃F + p̃)

ρ

∫ θ

θ̃

1
θ

x
1 + x

S−1(x)
dG (θ)

and

θ̂KE =
K(r̃F + p̃)

ρ

∫ θ

θ̃

x
1 + x

S−1(x)
dG (θ)

We solve for these integrals using the substitution x = ρθ
ρθ−r̂Eθ+r̃F

to transform the
integral into an integral with respect to x. This gives, after some rearrangement, that:

θ̂KE =
A1K(r̃F + p̃)

r̃F

∫ x

1

1

x + x2

S−1(x)

dx (82)

and

KE =
A1K(r̃F + p̃)

r̃F

∫ x

1

(
− ρ

r̃F
+

r̂E

r̃F
+

ρ

r̃Fx

)
1

x + x2

S−1(x)

dx (83)

where x = ρθ

ρθ−r̂Eθ+r̃F
. Differentiating these expressions yields the four elasticities above.

Lemma 3. For any x ≥ 1, define the function u : [1, x]→ R+ according to

u(x) =

1
x+ x2

S−1(x)∫ x
1

1
x+ x2

S−1(x)

dx

for x > 1, and u(1) = 0, where u(x) is not intended to denote a utility function. Then,
∃ x? ∈ [1, x] such that ∫ x

1

u(x)
x

dx ≥
(

log(x?)
x? − 1

− 1
x

)
xu(x)

and (
1− x? log(x?)

x? − 1
+ log(x)

)
{xu(x)} ≥ 1

Furthermore, define û(x?, x) according to:

û(x?, x) =

(
log(x?)
x?−1 −

1
x

)
(

1− x? log(x?)
x?−1 + log(x)

)
Then û(x?, x) is decreasing in x? over the interval x? ∈ [1, x].
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Proof. Omitted. Available upon request.

Lemma 4. The following is true: 1−
(

θ̂

θ

)2
 e?Er̃F

θ̂r̂E
≥ 1

provided that x ≥ 1 + 10−6, where x = ρθ

ρθ−r̂Eθ+r̃F
.

Proof. Omitted. Available upon request.

E Proof of Proposition 4

As above, it is convenient to define θ̂ = YE
KE

. The proof of this proposition and the
proof of Proposition 5 make use of the following lemma, which establishes that the
government’s problem can be reduced to one of choosing post-tax prices r̃E, r̃F, p̃, where
equilibrium allocations can be derived from these based on the optimization behavior
of entrepreneurs, and, consequently, the equilibrium values of pre-tax prices and tax
revenues can be derived.

Lemma 5. It is optimal for the government to choose the variables r̂E, r̃F, w̃, p̃ to solve the prob-
lem:

sup inf
l>0

(1− Γ)U(w̃ (r̂E, r̃F, p̃) + l) + ΓK1−σ
∫

θ

∫
ε

U (C (r̂E, r̃F, p̃, θ, ε) + l) h(ε)dεdG (θ)

(84)
subject to

w̃ (r̂E, r̃F, p̃) = F (YE, KF, 1) + (1− δ)K− G− r̃EYE − r̃FKF − p̃K (85)

where

1. KF and YE represent the aggregate of entrepreneurs’ decisions, given by:

YE (r̂E, r̃F, p̃) =
∫

θ

∫
ε

θεkE (θ, r̃E, r̃F, p̃) h (ε) dεdG (θ) (86)

KE (r̂E, r̃F, p̃) =
∫

θ
kE (θ, r̃E, r̃F, p̃) dG (θ) (87)

2. Allocations {kE(r̂E, r̃F, p̃, k, θ), C(r̂E, r̃F, p̃, k, θ, ε)} are given by the solution to the en-
trepreneur’s problem in Proposition 1, given parameters k̄, r̂E, r̃F, p̃.

3. w̃ (r̂E, r̃F, p̃) ≥ 0, KF (r̂E, r̃F, p̃) ≥ 0
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4. r̃E ≥ r̃F
θ
≥ r̃E − ρ ≥ 0, p̃ ≥ p > 0.

Provided G is sufficiently small, the government’s choice set formed by the constraints of this
problem is compact and non-empty, and does not depend on the value of Γ. Inside this choice
set, the government’s objective function given by equation (84) is real valued and is continuously
differentiable in (r̂E, r̃F, p̃) and differentiation under the integral sign in (84) is possible. For any
Γ ∈ [0, 1), a solution to the government’s problem exists.

Proof. First, it suffices to restrict attention to solutions with r̃E ≥ ρ. The reason is that
for any solution S with r̃E < ρ, rE > ρ, there is a solution S ′ with YE = 0 and r̃E = ρ,
that produces the same value of the objective function. Recall that our assumptions on
the production function guarantee rE > ρ. Now, consider the solution S ′′ which is the
same as S ′ but has YE > 0 for some small measure of entrepreneurs. Since when rE > ρ

the government’s revenue will be slightly higher with S ′′, so it can set a slightly higher
wage, thereby raising welfare since Γ ∈ [0, 1).

Next we can show that YE will be chosen to equal YMAX =
∫

i

∫
ε θiεkE,ih(ε)dεdi.

That is, YE will equal the maximum possible, given the values of kE,i for each i. For a
contradiction, consider a solution S with YE below YMAX. Consider S ′ which is the same
but with slightly higher YE. Since rE > ρ the government gets more revenue this way,
and can raise the wage a little, raising welfare. By the standard abuse of the law of large
numbers, YMAX is the same as the value of YE given by equation (86).

Substitute equation (2) into the government’s objective function and budget con-
straint to eliminate workers’ consumption. After a little rearrangment, we obtain the
equations (84) and (85). Equation (84) is an objective function where the only remaining
variable is kE(θ, ε), given according to the solution to the entrepreneur’s problem.

Now, one can think of entrepreneurial consumption, wages and consumption as func-
tions of (r̃E, r̃F, p̃) in which case the problem becomes simply choosing (r̃E, r̃F, p̃) subject
to the inequality constraints given in the statement of Lemma 5.

Now, we argue that the inequality constraints given in the statement of Lemma 5
imply that the government’s choice set is compact and that the constraints establish
a positive upper and lower bound on the consumption of entrepreneurs and workers.
First, we show that there exist upper and lower bounds on r̃E, r̃F, p̃. Technical constraints
place upper bounds on these. First of all, every entrepreneur’s expected consumption is
at least equal to (r̃F + p̃)k, since each entrepreneur can guarantee that consumption level
by investing in the risk free sector, and entrepreneurs are risk averse. Then, it must be

that r̃F + p̃ ≤ F(θK,K,1)
K because the government has to set w̃ ≥ 0. This puts upper bounds

on r̃F and p̃. The lower bound on p̃ follows by assumption. Now, it is also the case
that for the highest type θ(r̃E − ρ) < r̃F must hold or this type would invest to infinity.

Since r̃F < F(θK,K,1)
K , this places an upper bound on r̃E, by the constraint KF ≥ 0. Now

we place a lower bound on r̃F + p̃. To do this, one can show, using the entrepreneur’s
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optimization problem solution and r̃E ≥ ρ, that:

KE ≥ K
[

p̃ + r̃F

r̃F

] ∫
{θ:ρθ≥r̃F}

1[
1 +

(
ρθ
r̃F

)
S−1

(
ρθ
r̃F

)
]dG (θ)

Since it is not feasible to set KF < 0, we have KE ≤ K. Since p̃ > p > 0, this imposes a
lower bound on r̃F. Now, note that these bounds imply that workers and entrepreneurs’
consumption is bounded above and below. Furthermore, since the the inequality con-
straints given in the statement of Lemma 5 are all weak inequalities and do not depend
on Γ, it follows that the government’s choice set is compact and does not depend on Γ.

To verify that the government’s choice set is non-empty, note that the choices r̃E =
r̃F
θ
= ρ, with KE = 0, KF = K and w̃ given by equation (85) represent a solution to the

problem, since the resulting w̃ is strictly positive for sufficiently small G.
Now, we verify that the solution has the desired continuity and differentiability prop-

erties. This follows without problems since we have established there is a positive upper
and lower bound on the consumption of entrepreneurs and workers. In particular, this
implies that the integral in the government’s objective function is finite and bounded.
Since the integrand is continuously differentiable with respect to r̃E, r̃F, p̃, it follows from
this that the government’s objective function is continously differentiable with respect
to these variables. Since the choice set is compact, the Weierstrass theorem implies a
solution exists. This completes the proof of Lemma 5.

We now proceed to the proof of Proposition 4.

Proof. With Γ = 0, and using Lemma 5 and the fact that U(·) is monotonically increasing,
the government’s problem is simply to choose (r̃E, r̃F, p̃) to maximize:

max w̃ = F (YE, KF, 1) + (1− δ)K− Ḡ− r̃Eθ̂KE − r̃FKF − p̃K (88)

such that

1. YE(r̃E, r̃F, p̃) =
∫

θ

∫
ε θεkE(θ, r̃E, r̃F, p̃)h(ε)dεdG (θ)

2. KE(r̃E, r̃F, p̃) =
∫

θ kE(θ, r̃E, r̃F, p̃)dG (θ)

3. KF = K− KE

4. {kE(θ, r̃E, r̃F, p̃)}, {C(θ, ε, r̃E, r̃F, p̃)} are given by the solution to the entrepreneur’s
problem in Proposition 1, given parameters k, r̃E, r̃F, p̃.

5. KF(r̃E, r̃F, p̃) ≥ 0

6. r̃E ≥ r̃F
θ
≥ r̃E − ρ ≥ 0, p̃ ≥ p > 0.
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We conjecture that the only inequality constraints that bind are r̃E ≥ ρ and p̃ ≥ p
and solve the problem ignoring the other inequality constraints. If the resulting solution
satisfies the other constraints, then our conjecture is verified.

Given Proposition 5, the conditions of the Kuhn-Tucker theorem hold for the objective
function. Therefore, the Kuhn-Tucker first order conditions for r̃E, r̃F and p̃ are necessary
for a solution. These are:

F θ̂KEr̃EeE +F1θ̂KEr̃E(e?E − eE) = θ̂KEr̃E − λEr̃E

F θ̂KEr̃EeF +F1θ̂KEr̃E(e?F − eF) = −KEr̃F + λMr̃F

F θ̂KEr̃E = Kp̃ + Kr̃F − λMr̃F

where

F1 =
1

1− τE
− 1

F =

(
1

1− τE
− 1
)
− r̃F

θ̂r̃E

(
1

1− τF
− 1
)

and where λE, λM denote, respectively, the Lagrange multipliers on the constraints r̃E ≥
ρ and p̃ ≥ p. In deriving these first order conditions, we used that r̃E = (1− τE)rE and
r̃F = (1− τF)rF to eliminate rE and rF from the first order conditions.

Substituting for F ,F1, r̃E, r̃F, p̃ using tax rates and pre-tax prices, we obtain the first
order conditions:

YEτErEe?E − rFKEτFeE = YE(1− τE)rE − λE (89)

YEτErEe?F − rFKEτFeF +
(YEτErE − rFKEτF)rF(1− τF)

(1− δ)(1− τW) + rF(1− τF)
= KF(1− τF)rF (90)

(YEτErE − rFKEτF)(1− δ)(1− τW)

(1− δ)(1− τW) + rF(1− τF)
= K(1− δ)(1− τW)− λW(91)

Rearranging these, and using the complementary slackness conditions to eliminate the
multipliers, we obtain the tax formulae in the statement of the proposition.

It remains only to show that the conjectured solution to the first order conditions
(89)- (91) must satisfy the constraints w̃ ≥ 0 and KF ≥ 0. From the proof of Lemma 5, we
know that there exist solutions to the government’s optimization problem with w̃ > 0,
for sufficiently small G. Since the simplified problem (88) is to maximize w̃ subject
to the same constraints, it cannot be that the constraint w̃ ≥ 0 binds at the solution.
Furthermore, it must be the case that KF > 0 at a solution to the first order conditions
(89)-(91), since otherwise rF > 0 is not defined, due to the assumptions on the production
function.
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F Proof of Proposition 5

Proof. This proof will proceed by showing that any solution with Γ = 0 has the desired
properties for taxes, provided that it satisfies the conditions in the proposition. Then,
we use continuity arguments to show that solutions with the same properties for taxes
continue to exist for sufficiently small Γ > 0.

Assume for now that Γ = 0. We will relax this assumption in the final part of
the proof. From the proof of Proposition 4, the solution must satisfy the first order
conditions:

F θ̂KEr̃EeE +F1θ̂KEr̃E(e?E − eE) = θ̂KEr̃E − λEr̃E (92)

F θ̂KEr̃EeF +F1θ̂KEr̃E(e?F − eF) = −KEr̃F + λMr̃F (93)

F θ̂KEr̃E = Kp̃ + Kr̃F − λMr̃F (94)

Combining the three first order conditions to eliminate F and F1, we obtain the
following expression:

(K− λM)( p̃ + r̃F)[e?E(|e?F| − |eF|)− |e?F|(e?E − eE)] =

θ̂KEr̃E(|e?F| − |eF|)− KEr̃F(e?E − eE)− λEr̃E(|e?F| − |eF|) + λMr̃F(e?E − eE)
(95)

where we use that e?F < 0, eF < 0, as is evident from Proposition 3, and so |e?F| = −e?F,
and |eF| = −eF. The formulae for the elasticities in Proposition 3 imply that

e?E(e
?
F − eF)− e?F(e

?
E − eE) = 2

[
1− θ̂

θ

]
e?E −

(
r̃Eθ̂

r̃F

)

and also that,

θ̂r̃EKE(e?F − eF) + r̃FKE(e?E − eE) = r̃FKEe?E

[
1− θ̂

θ

]2

Substituting these results into into equation (95), we obtain:

[K− λM]( p̃ + r̃F)

{
2

[
1− θ̂

θ

]
e?E −

(
r̃Eθ̂

r̃F

)}

= r̃FKEe?E

[
1− θ̂

θ

]2

− λEr̃E(e?F − eF)− r̃FλM(e?E − eE)

(96)
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We now argue that λM > 0 unless the following inequality holds:

K( p̃ + r̃F)

{
2

[
1− θ̂

θ

]
e?E −

(
r̃Eθ̂

r̃F

)}
≤ r̃FKEe?E

[
1− θ̂

θ

]2

(97)

We show this first in the case that (|e?F| − |eF|) < 0. Then, since λE ≥ 0, it follows
immediately from inspection that equation (96) cannot be satisfied with λM = 0 unless
the inequality (97) holds. Now suppose (|e?F| − |eF|) ≥ 0. If λE = 0, then equation (96)
can readily be rearranged to show that (97) holds with equality, unless λM > 0.

The only remaining case to consider, then, is where (|e?F| − |eF|) ≥ 0 and λE > 0.
In this case, it follows that r̃E = ρ (by complementary slackness) and therefore that
τE ∈ (0, 1), since rE > ρ due to the assumptions on the production function. Since
τE ∈ (0, 1), it follows from the definition of F1 that F1 > 0. Then, combining the second
and third first order conditions above, we obtain:

F θ̂KEr̃E(eF + 1) +F1θ̂KEr̃E(e?F − eF) = KF r̃F + Kp̃

Our comparative static results above tell us that, for each entrepreneur, r̃F
kE

∂kE
∂r̃F

< −1.
Then, it must be the case that eF < −1 since this is simply the aggregate (i.e. weighted
average) of entrepreneurs’ capital choices. Then, we may rearrange the equation above
to get:

F = −KF r̃F + Kp̃ +F1θ̂KEr̃E (|e?F| − |eF|)
θ̂KEr̃E (|eF| − 1)

Since F1 > 0, the numerator is strictly positive. Since eF < −1, the denominator
is strictly positive. Hence, it follows that F < 0. In that case, the left hand side of
equation (94) is strictly negative, and so the right hand side must be strictly negative
also. Inspection of the equation reveals that this is only possible if λM > 0. Thus, we
have shown that it must be that λM > 0 unless the inequality (97) holds.

Now, the inequality (97) can be rearranged to:[
1− θ̂

θ

]
e?E

(
r̃F

r̃Eθ̂

)(
2− r̃FKE

( p̃ + r̃F)K

[
1− θ̂

θ

])
≤ 1

The argument above implies that if this inequality is violated then it must be that λM > 0
and so τW = τW . Since KE ≤ K and p̃ > 0 because τW < 1, it follows that a sufficient
condition for this inequality to be violated is:[

1− θ̂

θ

]
e?E

(
r̃F

r̃Eθ̂

)(
2−

[
1− θ̂

θ

])
≥ 1
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which immediately rearranges to:(
1−

(
YE

θKE

)2
)

e?Er̃FKE

YEr̂E
≥ 1 (98)

where we used θ̂ = YE
KE

. However, from Proposition 3 (Lemma 4), we know that the
inequality (98) is guaranteed to hold, provided at least some entrepreneurs choose kE = 0
and x ≥ 1 + 10−6, where

x =
ρθ

ρθ − r̃Eθ + r̃F

Now, we can infer that x r̃F
θr̃E
≥ 1. The reason is that x r̃F

θr̃E
is equal to 1 when r̃E = ρ

(this follows immediately from the definition of x) and x r̃F
θr̃E

is increasing in r̃E, since x
has an elasticity of greater than 1 with respect to r̃E (this follows immediately from the
comparative static results). Therefore, we may conclude that:

x ≥ θr̃E

r̃F

Then, it follows that θr̃E
r̃F

> 1 + 10−6 at a solution implies that λM > 0 at that solution.
Let θ̃ denote the cutoff productivity, such that entrepreneurs with productivity θ > θ̃

set kE > 0 and entrepreneurs with θ < θ̃ set kE = 0. From Proposition 1 it follows that θ̃

satisfies:
θ̃r̃E = r̃F

which rearranges to give:
θr̃E

r̃F
=

θ

θ̃

Then, it follows that, provided θ
θ̃
> 1 + 10−6 at a solution, λM > 0 at that solution and

therefore that p̃ = p, i.e. taxes on wealth reach the upper bound.
We now argue that F1 > 0 in any solution with Γ = 0 that satisfies the properties

of the proposition, and hence that τE > 0. Earlier in this proof, when we showed that
(97) holds unless λM > 0, we already showed that F1 > 0 if λE > 0. Suppose therefore
that λE = 0. Then, add together the second and the third of the government’s first order
conditions, i.e. equations (93) and (94). We obtain:

F θ̂KEr̃E(eF + 1) +F1θ̂KEr̃E(e?F − eF) = Kp̃ + KF r̃F (99)

Now, combine this with the first order condition (92), multiplying each of the two equa-
tions so that the terms multiplying F vanish. We obtain, using that λE = 0:

F1θ̂KEr̃E [(e?E − eE)(eF + 1)− (e?F − eF)eE] = θ̂KEr̃E(eF + 1)− (Kp̃ + KF r̃F)eE

51



The right hand side is negative, since eE > 0 and eF + 1 < 0 (the latter of these two
was proven earlier and the former follows immediately from the results in Lemma 3).
Therefore the left hand side must be negative also. Using the results in Lemma 3, we
can simplify the left hand side of this equation to:

−F1θ̂KEr̃Ee?E

(
1− θ̂

θ

)

Since e?E > 0 (also following from the results in Lemma 3), this left hand side can only
be negative if F1 > 0. Hence, F1 > 0.

We now argue that τF > 0 in any solution with Γ = 0 that satisfies the properties of
the proposition. To that end, define F2 ≡

(
1

1−τF
− 1
)

. Then, to show that τF ∈ (0, 1), it
suffices to show that F2 > 0. We now show this.

From the definitions of F ,F1,F2, we have that θ̂r̃EKEF = θ̂KEr̃EF1 − r̃FF2. Using
this expression, we may rewrite equation (99) as:

F1θ̂KEr̃E (e?F + 1)−F2KEr̃F(eF + 1) = Kp̃ + KF r̃F

Now, we know from above that F1 > 0, e?F + 1 < 0 and eF + 1 < 0. Thus the first left
hand side term is negative, and the second left hand side term is positive if and only if
F2 is positive. However, the right hand side is positive. Thus F2 must be positive, which
is what we wanted to show.

We have now showed that in the case where Γ = 0, any solution S? to the govern-
ment’s optimization problem that satisfies the conditions in the proposition must also
satisfy τE ∈ (0, 1− ρ

rE
], τF ∈ (0, 1), and τW = τ̄W (i.e. the upper bound). It remains to

consider the case Γ > 0 and show that these properties generalize to all solutions for
sufficiently small Γ.

From Lemma 5 it follows that the conditions of the Maximum Theorem apply, and so
the solution to the government’s problem is upper hemicontinuous in Γ by the maximum
theorem. Since it is unique at Γ = 0, it is continuous in Γ for small Γ. The Lagrange
multipliers depend continuously on the parameters and the solution, therefore they must
vary upper hemi-continuously with Γ. We have shown that, under the conditions of the
proposition, all solutions satisfy λM > 0 in the case Γ = 0. Hence, for sufficiently small
Γ > 0, λM > 0 must hold in all solutions. Thus, taxes on wealth reach the upper bound.
Similarly, we have shown that, under the conditions of the proposition, all solutions
satisfy τE ∈ (0, 1− ρ

rE
], τF ∈ (0, 1) in the case Γ = 0. Since the solution is upper hemi-

continuos in the parameters, it follows that τE > 0 and τF ∈ (0, 1) must continue to
hold for sufficiently small Γ > 0. Furthermore, Lemma 5 demonstrates that r̃E ≥ ρ and,
therefore, that τE ≤ 1 − ρ

rE
in any solution. Hence we have that τE ∈ (0, 1 − ρ

rE
] for

sufficiently small Γ > 0. This completes the proof of the proposition.
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